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Abstract: 

A number of contraction mappings have been drawn by several researchers to 

generalize Banach type contraction. Some Cauchy sequences are applied to show 

the uniqueness of the fixed points obtained on the basis of certain fixed point 

theorems on these mappings. The aforementioned technique, using these theorems, 

is extensively used in finding the solution of numerous mathematical quandaries. 

M. Rotenberg, in his approach to model the growth of cell population under certain 

boundary conditions, utilized fixed point theorem in general Banach space. He 

suggested a mathematical model, represented by the partial differential equation 

shown in equation (1), by considering the population density of cells as a function 

of two parameters (degree of maturity, 𝜇 and maturation velocity, 𝑣) and time.  

In Rotenberg mathematical model, application of fixed point method is found 

consistent by considering the quandary as a non linear boundary value problem 

because, each cell is assorted by its degree of maturity and velocity of maturation 

which are fixed and coupled biological boundaries as 𝜇 = 0 and 𝑣 = 𝑐 (a positive 

value). Further, due to concentration and other density depending effects, the 

transition rates under a nutrient environment may fluctuate, so that, it must be a 

function of population density. This is again the clear depiction of the problem as 

non linear which is most suitable for modeling by using the said procedure and 

hence, applicable for employing a fixed point theorem. 

Our approach in this paper is to further investigate the result by applying some 

more contraction mapping with associated fixed point theorem in probabilistic 

metric space. 

Keywords: Boundary value problem, probabilistic metric space, fixed point 

theorem, contraction mapping. 

 

Introduction 

 

The growth of cell population is represented by a 

specific mathematical model introduced by M. 

Rotenberg [4] in which each cell is categorized by 

its degree of maturity 𝜇 and velocity of 

maturation 𝑣 =
𝑑𝜇

𝑑𝑡
. The density of the cell 

population, represented by the function 𝛹(𝑡, 𝜇, 𝑣), is 

expressed in the form of following partial 

differential equation. 

 

𝜕𝛹

𝜕𝑡
(𝑡, 𝜇, 𝑣)  = −𝑣 

𝜕𝛹

𝜕𝑡
(𝑡, 𝜇, 𝑣) −  𝜎(𝜇, 𝑣)𝛹(𝑡, 𝜇, 𝑣) + ∫ 𝑟(𝜇, 𝑣, 𝑣′)𝛹(𝑡, 𝜇, 𝑣′)𝑑𝑣′                  (1)

𝑐

0

 

 

 

Where μ∈[0,a]; v, v'∈[0,c] with a>0,c>0. The degree 

of maturity at birth is μ = 0 and the same at mitosis 

is μ = c. Meaning there by, the cells are born at μ = 0 

and divide at μ = c. The kernel r (μ,v,v') is termed as 
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the transition rate. This stipulates the transition of 

cells from velocity of maturation v' to v, whereas 

total transition cross-section is denoted by σ (μ,v). 

The numerical solution of the model represented by 

(1) is obtained by Rotenberg by using Fokker-Plank 

approximation [5], while analytical solution is found 

by Vaneder Mee and Zweifel [5] for various 

boundary conditions employing the technique of 

Eigen function. Lebowitz and Rubinow’s boundary 

value conditions [6] were used to entrench that the 

Cauchy problem assigned with equation (1), which 

is subdued by a positive 𝐶0 semi group. A. Dehici, 

A. Jeribi and K. Latrach [14], in their spectral 

analysis of (1), pointed out the general linear 

transition rule between mother and daughter cells at 

mitosis. This supports the previous notions. 

It was established by Rotenberg that the cells 

concerned are under a nutrient environment which 

may fluctuate due to concentration and other effects 

depending on density. Therefore, the transition rates 

σ and r must be the function of the population 

density. Hence, the problem modeled by (1), is non 

linear and biological constraints at μ = 0 and μ = c 

are fixed. These observations led K. Latrach and A. 

Jeribi [8] to improve the Rotenberg model assuming 

the transition rate and total cross-section dependent 

on the population density. Thus, the non linear 

formulation between daughter and mother cells at 

mitosis depicts the boundary conditions. Hence, the 

problem concerned is given as 

 

 

𝑣
𝜕𝛹

𝜕𝜇
(𝜇, 𝑣) + 𝜆𝛹(𝜇, 𝑣) + 𝜎(𝜇, 𝑣, 𝛹(𝜇, 𝑣)) = ∫ 𝑟(𝜇, 𝑣, 𝑣ʹ)𝛹(𝜇, 𝑣ʹ)𝑑𝑣ʹ                                   (2)

𝑐

0

 

 

 

Here, 𝜎 and 𝑟 are non linear functions of 𝛹 and λ 

where, λ is a complex number. 

Further, the boundary conditions are modeled as 

𝛹|Γ0 = 𝐾(𝛹|Γ1)                                                        (3) 

 

Where, Γ0 = {0} × [0, 𝑐] and Γ0 = {0} × [0, 𝑐], 𝛹|Γ0 

(resp. 𝛹|Γ1) depicts the constraint of 𝛹 to Γ0 (resp. 

𝛹|Γ1). Here, 𝐾 is a non linear operator. 

 

A number of theorems regarding equation (2) along 

with boundary conditions (3) have been given in 𝐿𝑝 

spaces with 𝑝 ∈ (1, ∞). The analysis of stationary 

transport equation in kinetic theory of gas molecules 

with solid walls bounded by the region, where the 

flow of gas is described, has earlier been shown by 

the primary author of references [7][9]. Contrary to 

biological model, the boundary conditions are taken 

as linear. Topological arguments using compactness 

results for 𝑝 ∈ (1, ∞) has been taken in to account 

during the analysis. Due to lack of compactness, the 

problem given by (2) and (3) establishing the 

existence results as shown in references [7][8][9], 

remained open in 𝐿1 spaces for both population 

dynamics and kinetic theory of gas. 

The main purpose of this paper is to examine the 

establishment of the existed result further by using 

certain fixed point theorems on contraction 

mappings in probabilistic metric space along with 

the properties of weakly compact sets in the growth 

of cell population, which may be used as the 

technique in environmental pollution protection and 

other cell population growth related parameters. 

 

Main Approach of Rotenberg 

Rotenberg has established in his paper that the 

model of the growth of cell population is nonlinear. 

A nonlinear weakly compact operator is introduced 

in obtaining the proof of the model by transforming 

it into a fixed point problem. In other words, it is the 

transformation of the bounded sets into the weakly 

compact sets. Schauder fixed point theorem [2] is 

used in his approach to find at least one fixed point, 

that is, to find at least one solution of the model of 

the growth of cell population as given by (1). It is 

manifested that, the concept of general metric space 
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is employed in finding the solution of the model of 

the growth of cell population in the concerned 

approach. 

 

Preliminaries 

Before approaching the main result it is necessary to 

deal with some basics required in drawing out the 

desired conclusion. 

 

Definition 1: [1] A mapping 𝑓: 𝑋 → 𝑋 on a metric 

space (𝑋, 𝑑) is called Banach contraction if for a 

contraction constant 𝑘 ∈ [0,1), the following 

condition holds good. 

𝑑(f𝑥, f𝑦) ≤ 𝑘𝑑(𝑥, 𝑦), for all 𝑥, 𝑦 ∈ 𝑋. 

Definition 2: [12] A sequence < 𝛼𝑛 > in a metric 

space (𝑋, 𝑑) is said to converge at 𝛼0 ∈ X if 

𝑑(𝛼𝑛, 𝛼0) → 0 when 𝑛 → ∞ or if for a number 

𝑁(𝜀), we have 

𝑑(𝛼𝑛, 𝛼0) < 𝜀. 

Definition 3: [12] A sequence < 𝛼𝑛 > in a metric 

space (𝑋, 𝑑) is a Cauchy sequence if and only if for 

every small positive number 𝜀, there exists a positive 

integer 𝑁(𝜀) such that  

𝑚, 𝑛 ≥ 𝑁(𝜀) ⇒ 𝑑(𝛼𝑚, 𝛼𝑛) < 𝜀. 

 

Definition 4: [12] Completeness of a metric space is 

defined, if every Cauchy sequence in the said metric 

space converges to a point which lies in it. 

Otherwise, it is said to be incomplete. 

 

Definition 5: [12] A Contraction mapping of a 

metric space (𝑋, 𝑑) is defined as a mapping 𝑓: 𝑋 →
𝑋 for any real number 𝑘 ∈ [0,1) such that 

𝑑(𝑓(x), 𝑓(y)) ≤ 𝑘𝑑(𝑥, 𝑦), for all 𝑥, 𝑦 ∈ 𝑋, where 𝑘 

is a contraction constant. 

Note: It may effortlessly be shown that these 

mappings are uniformly continuous. We simply 

mean continuous by a uniformly continuous 

mapping. 

Definition 6: [12] Consider a mapping 𝑓: 𝑋 → 𝑋 on 

a non empty set 𝑋. A point 𝛼0 is called a fixed point 

in 𝑋 if 

𝑓(𝛼0) = 𝛼0, for every 𝛼0 ∈ 𝑋. 

 

Theorem 1: [12] Every convergent sequence <
𝛼𝑛 > in a metric space (𝑋, 𝑑) is a Cauchy sequence. 

 

Theorem 2: [12] Consider a contraction mapping 

𝑓: 𝑋 → 𝑋 defined on a non empty, complete metric 

space (𝑋, 𝑑). Then there exists a unique fixed point 

of the mapping 𝑓 in 𝑋. Also, the iterative sequences 

𝛼,𝑓(α),𝑓(𝑓(α)), and so on, converge to some fixed 

points of 𝑓 in 𝑋, for α ∈ 𝑋. 

 

Definition 7: [13] A non decreasing, left continuous 

mapping 𝐹: 𝑅 → R+ is defined as a distribution 

function if, for 𝑟 ∈ 𝑅, inf 𝐹(r) = 0 and sup 𝐹(r) =
1. 

Now, let F+ be the collection of all distribution 

functions 𝐹 such that 𝐹(0) = 0 and 𝐹 is a non 

decreasing, left continuous mapping 𝐹: 𝑅 → [0,1]  
with sup 𝐹(r) = 1. 

 

Definition 8: [13] We define a probabilistic metric 

space (in short, PM-space) as an ordered pair (𝐻, 𝐹) 

for a non empty set 𝐻 and 𝐹: 𝐻 × 𝐻 → F+ where 

𝐹(𝑝, 𝑞) is represented by 𝐹𝑝,𝑞 for each (𝑝, 𝑞) ∈

 𝐻 × 𝐻 satisfying the conditions: 

(і) 𝐹𝑥,𝑦(r) = 1, for all 𝑟 > 0, iff 𝑥 = 𝑦;  𝑥, 𝑦 ∈  𝐻 

(іі) 𝐹𝑥,𝑦(0) = 0, for all 𝑥, 𝑦 ∈  𝐻 

(ііі) 𝐹𝑥,𝑦(r) = 𝐹𝑦,𝑥(r), for all 𝑥, 𝑦 ∈  𝐻 and 𝑟𝜖𝑅 

(і𝑣)𝐹𝑥,𝑦(r) = 1 and 𝐹𝑦,𝑧(s) = 1, then 𝐹𝑥,𝑧(r + s) =

1, for all 𝑥, 𝑦, 𝑧 ∈  𝐻 and 𝑟, 𝑠 ∈ 𝑅. 

The pair (𝐻, 𝐹) is called probabilistic semi-metric 

space if only (і) and (ііі) hold good. 

 

Definition 9: [13] A triangular norm denoted by t-

norm is a mapping 𝑡: [0,1] × [0,1] → [0,1] satisfying 

the following conditions: 

(і) t(𝛼, 1) = 𝛼, for every 𝛼 ∈ [0,1] 
(іі) t(𝛼, 𝛽) = t(𝛽, 𝛼), for every 𝛼, 𝛽 ∈ [0,1] 
(ііі) t(𝛼, 𝛾) = t(𝛽, 𝛿), if 𝛼 ≥ 𝛽, 𝛾 ≥ 𝛿 

(і𝑣)t(𝛼, t(𝛽, 𝛾)) = t(t(𝛼, 𝛽), 𝛾);  𝛼, 𝛽,𝛾 ∈ [0,1]. 

 

Definition 10: [10] The triplet (𝐻, 𝐹, 𝑡) with pair 

(𝐻, 𝐹) as probabilistic metric space and 𝑡 a 

triangular norm or 𝑡-norm is called a Menger 

probabilistic metric space satisfying the inequality 

𝐹𝑥,𝑦(r + s) ≥ t (𝐹𝑥,𝑧(r), 𝐹𝑧,𝑦(s)), for every 𝑥, 𝑦, 𝑧 ∈

𝐻 and 𝑟 > 0, 𝑠 > 0. 

 

Definition 11: [10] Consider the Menger 

probabilistic metric space (𝐻, 𝐹, 𝑡) and sup t(𝑙, 𝑙) =
1, 0 < 𝑙 < 1. Then, 

(і) A sequence < 𝛼𝑛 > in 𝐻 is called 𝑡-convergent 

at 𝛼 ∈ 𝐻 if for given 𝜀 > 0 and 𝜆 > 0 we have a 
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positive integer 𝑁(𝜀, 𝜆) such that 𝐹𝛼𝑛,𝛼(𝜀) > 1 − 𝜆, 

whenever 𝑛 ≥ 𝑁(𝜀, 𝜆). And, we may write 

𝛼𝑛 → 𝛼. 

(іі) The sequence < 𝛼𝑛 > in 𝐻 is said to be a 𝑡-

Cauchy sequence if for a given 𝜀 > 0 and 𝜆 > 0 we 

have a positive integer 𝑁(𝜀, 𝜆) such that 𝐹𝛼𝑛,𝛼𝑚
(𝜀) >

1 − 𝜆, whenever 𝑚, 𝑛 ≥ 𝑁(𝜀, 𝜆). 

(ііі)The Menger probabilistic metric space (𝐻, 𝐹, 𝑡) 

is called 𝑡-complete if every 𝑡-Cauchy sequence is 𝑡-

convergent to some limit point in 𝐻. 

 

Definition 12: Contractive mapping under 

Menger PM-space [10]: 
A mapping 𝑓: 𝐻 → H is a contraction mapping in a 

Menger PM-space (𝐻, 𝐹, 𝑡), if for all 𝑥 ≠ 𝑦, 𝑥, 𝑦 ∈
𝐻, 

𝐹𝑓(x),𝑓(y)(r) ≥ 𝐹𝑥,𝑦(r), 

for every 𝑟 > 0, 

𝐹𝑓(x),𝑓(y) ≠ 𝐹𝑥,𝑦. 

 

Main Results and discussion 

The distance between any two points in a general 

metric space is a non negative real number. The idea 

was extended by K. Menger [3] in 1942 by 

introducing the distribution function of random 

variables with non negative real numbers. As 

discussed earlier in the paper, the Rotenberg 

approach to model the growth of cell population is to 

find a solution of the said problem by transforming 

the bounded sets into the weakly compact sets and 

using Schauder fixed point theorem in general metric 

space assuming the two parameters as the degree of 

maturity, 𝜇 and velocity of maturation, 𝑣 of the cells. 

Therefore, application of the probabilistic metric 

space in place of general metric space to model the 

growth of cell population seems more appropriate in 

dealing with the same as the growth of cell 

population is a continuous function of time and 

velocity of maturation. 

 

Thus, the main purpose of this paper is to establish 

the existed result by making the proof of a theorem 

to get a unique fixed point in the probabilistic metric 

space which is the more general form of the 

Schauder fixed point theorem. 

 

Our Approach  

To prove our main result we need the following 

lemma and theorem. 

Theorem 3: Let (𝐻, 𝐹, 𝑡) be a complete Menger PM 

space and ( , )    [0,1]t x x x x   . 

If :f H H→  is a continuous function and { }np is a 

Cauchy sequence defined by 
1n np fp −=  converges to

p H . Then, p is a fixed point of f. 

Proof: Since, 
np p→ so  

lim ( 2) 1  ,  0
np pF x x=   

Due to continuity of f, we have 

lim ( 2) 1  ,  0
nfp fpF x x=   

1

 

( ) [ ( 2), ( 2)]

             

             = [ ( 2), ( 2)] , for 

( ) [1,1] 1     0         

n n

n n

fp p fpfp fp p

fpfp p p

fp p

F x t F x F x

t F x F x n

F x t x

+



→

 =  

 

By the property of distribution function, we have  

f(p) = p 

Lemma 1: Let (H,F,t) be a Menger PM space, where 

t is continuous. And,   1k  such that  

2 ( ) ( ) , 0pfpfpf p
F kx F x x   

Suppose :f H H→ is onto mapping then   a 

Cauchy sequence in H. 

Proof: Since,  f  is onto so, for
0p H , 

1  p H 

such that
1 0( )f p p= . Now, construct a sequence 

{ }np  as
1( )n nf p p −= , n = 1, 2, 3,. .…    Then, 

2

1 2 1

( ) ( )

( ) ( )

n nn n

n n n n

p fpfp f p

p p p p

F kx F x

F kx F x
− − −




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1 1 2

1 1 2

1
( )

( ) ( )

n n n n

n n n n

p p p p

p p p p

F x F x
k

F k x F x

− − −

− − −

 
 

 

 

 

 

Since, 
1

(0,1)k
k

=   

Therefore, { }np  is a Cauchy sequence. 

Theorem 4: Let (𝐻, 𝐹, 𝑡) be a complete Menger 

space and :f H H→ is continuous and onto 

mapping satisfying the property of lemma. Then, f   

has a fixed point. 

Proof: By above lemma   a Cauchy sequence { }np

in H. Since, H is complete so, 
np p X→  . Then, 

by theorem 3, p is a fixed point of f. 

Theorem 5: Let (𝐻, 𝐹, 𝑡) be a complete Menger 

probabilistic metric space where 𝐹𝑝,𝑞 is strictly 

increasing distribution function and :f H H→ is 

continuous onto mapping. If  k > 1 such that 

( ) min{ ( ), ( ), ( )}fpfq pfp qfq pqF kx F x F x F x  

Then, f   has a fixed point. 

Proof: Let
0p X , as done in lemma 1, we can 

construct a sequence as, 
1 ( ) ,   1,2....n np f p n− = =  

1 1 1 1 1

1 1 1

( ) ( ) min{ ( ), ( ), ( )}

( ) min{ ( ), ( )}

n n n n n n n n n n

n n n n n n

p p fp fp p p p p p p

p p p p p p

F kx F kx F x F x F x

F kx F x F x

− + − + +

− − +

= 



 

 

Since, F is non-decreasing function and k > 1, so      

k x > x. Then, 

1 1

1 1 1

( ) ( )  i.e 

1 1
( ) ( ) , = (0,1)

n n n n

n n n n n n

p p P p

p p p p p p

F kx F x

F x F k x F x k
k k

− +

+ + −



 
 =   

 

 

So, { }np is a Cauchy sequence. Since, H is complete 

so,
np p H→  , then by above theorem, p is a fixed 

point of f. 

The proof of above theorem will be the technique to 

find the solution of the model expressed by equation 

(1). 

Thus, using the contraction mapping given in 

equation (4) and fixed point theorem as discussed 

above, the growth of cell population can be modeled 

along with its solution as given by Rotenberg. This 

may be used as the technique in establishing the 

existed result for cell population growth. 

Conclusion 

The dramatic increase in cell population of certain 

kind of bacteria may affect the environmental factors 

like water, food, or even the air which we inhale. 

Further, the growth of cell population can be 

measured during certain time interval which may 

also have an effect on the plant growth in positive or 

negative sense. This may sometimes increase toxic 

organics in the soil and atmosphere, becoming a 

cause of biodegradation. Using the contraction 

mapping given in equation (4) and fixed point 

theorem as mentioned, we can furnish the Rotenberg 

model under probabilistic metric space, which may 

have decisive advantage in modeling the growth of 
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cell population. The technique may also be helpful in 

the production of antibiotics or other such items at 

greater extent in the pharmaceutical industry as well.  

Further, this modeling technique may essentially be 

employed in environmental pollution protection and 

other cell population growth related parameters. 
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