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Abstract: The objective of this work to give sufficient condition for
on w —Instability of nonlinear difference system

x(m+1) = A (m) x(m) +f (m, x(m)) (1.2)

and the linear difference system of the form

x(m+1) = A (m) x(m) +B (m) x(m) (1.2)
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As a perturbed system of x (m+1) =A(m) x (m) (1.3)
In equation (1.1) and (1.2) we consider that A(m) and B(m) are n
xn matrix valued mappings on N and f is a vector function of order

l. Introduction

Difference equations involved in many areas such
as mathematical modeling, finite element
methods, control theory, numerical methods, and
more problems of discrete mathematical
structures. The theory of difference equations
gives the better explanation to construction of
discrete mathematical models, when compared to
continuous models.

The stability of solutions of differential system
work have been done by Lakshmi kantham and
Rama Mohana Rao [4], by Mahfoud [5] ,
Avramescu [2], by Hara, Yoneyama and Itoh [3]
and others. Further, the instability of the solutions
of a systems of differential equations was studied
by Coppel [6] and Diamandescu, A. was study
the W -stability [7] and W-instability of a
nonlinear Volterra integro-differential system [8].
Further, W- Stability for nonlinear difference
equations was studied by T.S.Rao, G. Suresh
Kumar and M.S.N. Murty [10]. Recently the
concept of strong stability for difference system

Published by: The Mattingley Publishing Co., Inc.

was studied by Naga Jyothi G, T S Rao, Suresh
Kumar. G and Nageswara Rao.T [11].
The y - instability for nonlinear difference system

are not yet discussed. With the motivation of the
above works, here we obtain sufficient conditions
for the instability for the zero solution of
nonlinear difference system.

I1. Definitions

Let W=be a diagonal matrix of order m defined by
Y=dig [V1, Y2, ----Vn]
Where y,: N—>o0.i=1.2, ----n

Then the matrix ¥ (m) is an nonsingular square
matrix of order n, forall me N .

Definition2.1 [1] : If the vector valued function
u(m) in R" satisfies the difference equation (1.1),
then u(m) is called a solution of (1.1). It is clear
that u(m)=0 (zero vector) is always solution of
(1.1) and is called trivial solution or zero solution
of (1.1). And also u (m) is trivial solution or zero
solution of (1.2).
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Definition 2.2[1] : Any n X n matrix Z (m) whose
columns are linear independent solutions of
difference equation (1.1) is called a fundamental
matrix or principal matrix of (1.1).

Definition 2.3[1] . If for each mo in N and every
e> 0, there exists 6= d(g, mo) > 0 such that any
solution x(m) of (1) which satisfies the inequality
I[¥(mo )x(mo) ||<d, also exists and satisfies the
inequality ||¥(m)x(m)|| < efor all m >myo, then the
zero solution of (1.1) is called to be W-stable on N.
Otherwise it is called - instable.

I11. Main Results
Lemma3.1.

Let Z (m) be an non singular matrix mapping on
N and let Q be a projection. If there is mapping
1N —(0,00) and a non-negative value L such

that

Y a0y MZmQz ry(n| <L
50 B Then
Vm=08& Y u(r)=o

r=0
there exists a constant M >0 such that

p(MZmQ<Me " Z“" v m>o0.
Consequently lim |y/(m)Z(m)Q|=0 .

Proof:
If Q=0, the conditions are trivially true

If Q=0

Let s(m)= |:,z/(m)Z(m)Q|_1 for vm=>0
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i[ﬂ(r)S(r)]w(m)Z(m)Q -

Zt:u(r) |y (M)Z(M)Q|Z7(r)y ™ (r)w (NZ(r)Qs(r)
for m>0

[ 4]y (MZ(m)Q <

er: u(r) \z//(m)Z(m)Qz-l(r)y/—l(r)\ At the Thus,
v (NZ(rQ|s(r) for m>0

scalar mapping g(m) = z,u(r)s(r) satisfies for

r=0

gm)s (m) =Y. ()l (MZmQ” [y (MZ(mQ)

NgE

£(0) |y (M)Z(M)QZ ™ (r)y ™ (r))

1l
o

r

<L vm=>0

we have 9(m-+1) = x(m)s(m)

g(m+1) > L u(mg(m) vm=>0
—L’liu(m)
It gives that g(m)>g(m)e ™  forall
m=m >0

Hence |y (m)Z(m)Q|=s"(m)<Lg™(m)

t
-LY ()

<Lg™(m)e forall m>m, >0

since |y (m)Z(m)Q| is function on [0,m,]

Now we got a non-negative constant M such that

m
L—l

_ Z#
lw(MZ(m)Q|<Me
Consequently lim lw(m)Z(m)Q|=0

0]

for m>0

Hence proved.
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Lemma 3.2.

If Z (m) be an non singular matrix which is a
mapping of m on N and let Q be a projection. If
there is a non-negative value L such that

i‘l//(m)z (m)Qz 71(r)y/’1(r)‘ <L

vm=0
Then for any vector y, « R" > Qy, #0
lim sup |y (M)Z (M)QY, | = +o0.

Proof:

Let Q be a projection and consider Z (m) be an
non singular matrix which is a mapping of m on N
Let s(m) =y (m)Z(m)Qy,| " for m=>0

From the identity

.
Q- s(Nw(mZ(m)Qy,

r=m

=D w(mZmQZ ™ (r)y ™ (Nw (r)Z(r)Qys(r)

for

—

n

T>m=>0, It gives that

(2 s(1) v (M)Z (m)Qy, |

T

<l (m)Z(Mm)QZ ™ (r)y ()

r=m

[ (NZ(NQY,|s(r) ¥ T=m=0

Let Q be a projection and consider Z (m) be an
non singular matrix which is a mapping of m on N

Let s(m)=||://(m)Z(m)Qy0||_l for m>0
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.
Q. s(r)s*(m)<L VT=m=>0 From that
:

D s(r) exists.

Thus lim inf s(m)=0 =
m-—oo
lim sup|ly (M) Z (M)Qy,| = +o0

Hence proved.
IV.¥-Instability of Linear Difference System

The main purpose of this section is discuss the
w —instability of zero solutions of linear equation

(1.2) and (1.3).

Theorem 4.1: .The zero solution of (1.3) is y —
unstable on N iff there is a projection Q such that

lw (MZM)Q] is unbounded on N, where Z(m) is
principal matrix for (1.3)

Proof:

Let Z(m) be a principal matrix for(1.3) .

Prove that the zero solution of (1.3) is

w —un stableon N <

there is a projection Q such that [y (MZmQ i
unbounded on N.

Necessary Condition :
Let the zero solution of (1.3) is

w —un stable on N.

Then by known theorem,
| (MZ(MQ) s unbounded on N.

Sufficient Condition:  Suppose
lw (MZ(MQ) is unbounded on N.
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To show that the zero solution of (1.3) is w —
unstable on N.

If possible assume that the zero solution of (1.3) is
Y-stable on N.

Then by definition, for each &>0 and Mo 20 1a

0 =0(€,m,)>0such that any solution x(m) of
(1.3) which gives
b (M) y(my)|| < 5(e,mg) = [w(m)y(m)| <e ¥

m>m,.

Let my, >0 and y, e R" such that
|l (my)Z (m,)Q|#0 and

P
[¥ell < v/ (My)Z (My)Q|

<p |¢,//(m0)Z (mo)Qr1 =5
We have [y (m,)Z(m,)Qy,| < o

It follows that |y (m)Z(M)Qy,|<e V m=m,
1)
Thus for Y €R"IMI=1 we have

|1//(m)Z(m)Qp0v|<e \4 mzmo_

Thus |(//(m)Z(m)Q|<e ot Y om>m,

Which is Contradiction to eq (1.3)

Our supposition zero solution of (1.3) is ‘¥P-stable
on N is wrong

Hence zero solution of (1.3) is ¥ -unstable on N

Theorem 4.2: If there is a projection Q#0 and
non-negative value L such that principal matrix
Z(m) for equation (1.3

i\w(m)z(m)QZ‘l(r)w-l(r)\ <LV
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m>0.Then , the zero solution of (1.3) is v —
unstable on N.

Proof:

Let Q#0 be a projection and a non-negative

constant L 2nd Z(m) be principal matrix of

x(m+1)=A(m)x(m)--------- (2.3) and Z(m) satisfies
the inequality 3w (M)Z(M)QZ (1)~ ()| <L
Y m>0.

In country way, we assume that the zero solution
of (1.3) is w —Stable on N, instead of showing

that the zero solution of (1.3) is w —unstable on N

Then from the definition of W-stable, for each

¢>0 and any m0>o Ja p:p(e,mo) >0 such
that any solution y(m) of (1.3) which satisfies the
inequality [l (m,)y(m,)| < p(e,m,) exists and

satisfies the equality [y (m)y(m)|<e V

m>m,.

Without changing the principality, we may
assume Z(0) = I ( or we replace Z(m) with

Z(m)Z(m) and p with Z(0)ZX(0)).

For m, =0, we can choose y(0) € R" such that
(1-Q)y(0)=0 and

0 <[y (©y(0)] < p(<,0).

Then |y (m)y(m)|<e Vv m=0

On other hand,
y(m)y(m) =y (m2Z(m)Z~(0)y(0)
=y (m)y(m)Qy(0)
From above lemma,
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We got that lim sup|y/(m)y(m)| = .

Which is Contradiction to equation (1)

Our supposition “ zero solution of (1.3) is ‘Y-
stable on N” is wrong.

Hence zero solution of (1.3) is ¥-unstable on N.
Theorem4.3 If

a) There exists supplementary projections Q1, Qaz,
Q2#0 and a nonnegative value J such that the
principal matrix Z(m) of (1.3) satisfies the
condition

3w mZmQZ )y ()] +
i‘l/x(m)z(m)sz‘l(r),/,-l(r)‘ <J Vm>0

b) C (m) isa nxn matrix mapping for m>0 and
satisfies the following conditions.

L =sup

m>0

such that LJ<1.

t//(m)C(m)z//’l(m)‘ is very small number

lim [y (m)C(m)y~*(m)| =0
Then (1.2) is w -unstable on N.

Proof:

case (1) Suppose there exists supplementary
projections Q1, Q2, Q2#0 and a non negative
value J such that the principal matrix Z(m) of the

equation x(m+1) = A(m)x(m)------- (1.3) satisfies
the condition

>y mzmQz ]+

i‘W(m)Z(m)szl(r)yjl(r)‘ <J
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Y m=0

To show that the linear equation
x(m+1)=A(m)x(m)+B(m)x(m)--- (1.2) is ‘F-
unstable on N.

We prove this in controversy

If possible assume that equation (1.2) satisfies
the definition of ‘Y-stability on N.

Then from the W-stable definition, for each ¢>0
and 20 Ja p=p(e,m;)>0 such thatany
y(m) of (1.2) which gives [y (my)y(m,)| < p
exists and satisfies the equality [y (m)x(m)| <e
vV omxm,.

Without changing the principality, we assume that
Y (0)=1

For mo we can choose y(0)eR" such that
Quy(0)=0 and 0<|[¥(0)y(0)[|<p . Then
[¥(m)y(m)||[<e for all m>mo We consider the
mapping

y(m) = X() - Y. Z(MQZ (B

+3-Z(MQ.Z (NBIX()

form=>0
for u>m=>0, we have

<y (m)|

. Z(MQ.Z " (r)B(NX()

SmzmeZ my ]  mem
v (B () lw (r)x ()|

10921



<l (m)|Le

3w mzmQ,z (M (1)

It follows that Zu: Z(m)Q,Z 7 (r)B(r)x(r) is

convergent. Thus the mapping y(m) exist for
m=>0.

Clearly, the mapping y(m) is differentiable on N

and we have

y(m+1) =x(m+1)

-3 Z(m+1)QQ (N B(Nx(r)
—Z(m)Q,Z " (m)B(m)x(m)

+37Z (M +1)Q,Q (m)B(M)x(m)
-Z(m)Q,Z ' (m)B(m)x(m)

= A(m)x(m) + B(m)x(m) —

> AMZ(MQZ *(r)B(r)x(r)
—Z(m)Z " (m)B(m)x(M)(Q, +Q,)
+3° AM)Z(MQ.Z " (r)B(r)x(r)
= A(m)x(m) + B(m)x(m) — A(m)

1> Z(MQZ*()B(r)X(M)]

—B(m)x(m)(1)
+A(m)[i AMZ(M)Q,Z ™ (r)B(r)x(r)]

= A(m)[x(m) —iZ(m)le‘l(r)B(r)X(r)
+3 Z(MQ,Z *(r)B(NX(r)]

=A(m)y(m)
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Thus the mapping y(m) satisfies the (1.3) on N.

Since,
<e + [y (x(M)lw (BEY (1)

|y (mzmQz Ny (r)
+YlymY mp,2 (1 (1)

<e+elld

b (m)y(m)|| <e @+LI) for m=0
<e(l+LJ) for m>0

Now we got that the solution y(m) is y -bounded
on N.

On the other hand,
y(m)=2Z(m)Z~(0)y(0)
=Z(m)[Q, +Q,]y(0)
=YZ(M)[Q,y(0) +Q,y(0)]
=Z(m)[0+Q,Z(0)]
Y (t)=2()Z,y(0)]

If p,y(0)=0 from lemma 2, we got that
limsup|y (t)Y (1), 0)] =
This is wrong

Thus Q,y(0) =0 and then y(m)=0 on N.

x(t) = > Z(M)QZ (r)B(rx(r) -

r=0

S Z(M)Q,Z  (NB(Rx(r) for t=0

There after

It gives that
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b (m)x(m) | =

w (MY Z(m)pY (r)BX()
XY OPY (N)BIX(M)
< LI sup|w(m)x(m)| for m>0

Which is contradiction to [y (m)x(m)|| <e

So, our assumption that (1.2) is ‘Y-stable on N”
is wrong.

Hence (1.2)is Y-unstable on N.
Part (b) can be obtained from (a), in similar way.
Hence proved.

V. ¥-Instability of the nonlinear difference
equations

The object of this section gives the sufficient
conditions for instability of the zero solution of
the nonlinear difference equation (1.1)

Theorem 5.1: If

(1) There are supplementary projections Q1, Q2,
Q2#0 and a non-negative value J>0 such that the
principal matrix Z(m) of the equation (1.3)
satisfies the condition

S |wmzmQz Iy )+

i‘l/x(m)z(m)sz‘l(r),/,-l(r)‘ <J Vm>0

(2) The mapping f (t, s, X) satisfies the inequality

[l (m) £ (m, v, x(r)|| < £ (m, 1) |y ()x(r)|.
0<r<m<oo,
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for every mapping x: N — R", here

f(m, r) isa nonnegative mapping on D which

satisfies » f(m,r)<L vV m>0 whereL is

r=0
positive constant.

(3) LJ<1.
Then, the zero solution of (1.1) is

w -un stable on N.
Proof:

In country way, we suppose that the trivial
solution of (1.1) is w -stable on N. Then by

definition of
w -stable for each €>0 and any to>0, there exists a

p=p(e,mp )>0 such that any solution x(t) of (1.1)
which satisfies the inequalit
[l (mg)x(my)|| < (€,m,) exists and satisfies the

equality |y (m)x(m)|<e for m=m,

Without changing the principality, we may
assume that Z (0) = I.

Form, =0, we can choose x(0) € R" such that
p,x(0) =0 and

0 <[y (0)x(0)| < 5(<,0).
Then |y (m)x(m)[|<e V m>0

Consider the mapping
y(m) =

x(m) — Zt: Z(mQ,Z ’1(r)i F(r,v, x(V)) +

i Z(m)QZZ‘l(m)ZS: F(r,v,x(v)) for m>0

10923



for u>=m=>0, we have

| ZV:Z(m)QZZ‘l(r)Zr: fF(rv, x(w) l

<y )] X mz(mi,z )|
r

Zo Iy (r) £ (r,v, x(V))1

V=

<Lely )] Xl (mzmQ,z (ry ()it
follows that

u r
2. Z(MQ,ZH(NY. F(r,v,x(V)) is
r=m u=0
convergent.
Thus the mapping w (m) exists on N
Clearly the mapping w(m) is differentiable on N
and we have
w(m+1) = A(m)x(m) + i f(m,r,x(r)) -

r=0

AMYS Y Y m S (ru, x(v)) -
Y(M)(Q, +Q,)Z7H(1)D. F(x,v,v, x(V))+

AMS Y My 0 (v, x(r))

v=0
w(m+1) = A(m)w(m)

w(m+1) =x(m+1) -

Y M+)QZ N f(r,v,x(v))

u=0

-Z(m)Q,Z ’1(m)zm: f(m,v,x(v))+

3 Z(m+0Q,Z 10 (U, x(U)) - 2(M)Q,Z (M)
r=m v=0

m

> F(m,v, x(v))

v=0

Thus x (m) satisfies the linear equation (1.3) on N
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by C) ()| = [Jyr () x () | +

> | (MY (M)Q,Z * (Ny (1)

r=0

D e () f(r,v, x(v)|+
v=0
Sl (mzmQ, Z (Hy (0

2”‘/’“) £(r,v, x(V))|

lw (m)x(m)|| <e +

>l (mZ(Mm)QZ * (r)y ™ (r)|

> (V) [ x)| +
v=0

the x (m) is

> (mZmQ, Z Ny (1)

> (V) Jr (x|

v=0
-bounded on N

Further,

w(m) =Y (m)Y *(0)w(0)
=Y (m)[Qw(0) +Q,w(0)]

=Y (m)Q,w(0) (- Q=0)

If Q,w(0) =0 from previous lemma, we conclude

that  lim sup|y (m)w(m)||=co This is

contradictory Thus Q,w(0) =0 and then
w(m) =0 on N.

Hence
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x(m)=Y ZMQZ (MY f(r.vx(v)) -

r=0

Y ZmQz MY f(rv.x(v) for m>0

v=0

Similar as above, it got that

[l (m)x(m)[ < LI |y (m)x(m)|| for m>0

This contradicts our assumption. So, the zero
solution of (1.1) is w -unstable on N.

Hence proved.
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