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Abstract 
In this paper, we propose a robust controller design that satisfies the characteristics of phase 
margin and Iso-damping braking using a reduction model with secondary delay time. 

 For higher-order models, it is not easy to find a specific frequency that satisfies the so-
damping and fault margins. As the model reduction method, the reduction method using a 
Nyquist plot shows excellent characteristics in the frequency domain and time domain. In 
this paper, the reduction model with the second delay time considering the improved steady-
state is applied. 

The PID controller design method that satisfies the characteristics of phase margin and iso-
damping is as follows. First, the parameter value of the Ti controller that satisfies the 
characteristics of iso-damping is determined by using the reduction model with the second 
delay time. Second, the Kc and Td parameter values are obtained by considering only the 
phase margin in the control transfer function that satisfies the phase margin and gain margin. 
The PID controller parameters thus obtained have the characteristics of robust control by 
satisfying the characteristics of phase margin and iso-damping. Simulation results show that 
the proposed method is excellent for lower and higher models. 

In this paper, we designed a PID controller that satisfies the phase margin and iso-damping 
using a reduced model. In order to satisfy the above characteristics, improvement of the 
model reduction algorithm is required. Extending this method will improve the performance 
of the classic PID controller. 

Keywords: Robust control,  PID, iso - damping, phase-margin, gain-margin, Model 
reduction 

 

1. Introduction 

Despite the recent rapid development of control 
theory, PID (Proportional and Integral and 
Derivative) controllers, which are simple in 
structure and excellent in control performance and 
relatively easy in parameter adjustment, have been 
widely used. Although various PID controller 

design methods have been studied [1-6], Ziegler-
Nichols' critical vibration method is still widely 
used. The critical vibration method can calculate a 
control parameter value with a simple formula 
based on the measurement of the critical gain and 
the critical frequency of the process. In 1984, 
Astrom and Hagglund proposed an automatic 
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tuning method for obtaining critical gain and 
critical frequency in a simple relay experiment. [7-
11] At this time, the description function is used to 
obtain critical gain and critical frequency of the 
system. do. The information obtained from the 
relay tuning experiment can also be used to design 
a PID controller that satisfies the relative stability 
of gain and phase. The PID controller designed 
through the relay tuning experiment cannot achieve 
satisfactory control performance under external 
disturbance and sensor change. Therefore, a lot of 
research is being conducted on the controller 
insensitive to the effects of noise and the like. The 
control method that guarantees the robustness of 
the system is called robust control, and one of them 
is the method using the characteristics of the iso-
damping [12,13]. 

This method ensures that the phase Bode plot at 
certain frequencies w_gof the loop transfer 
function maintains the phase margin that meets the 
performance specifications in any interval so that 
the response of the phase Bode is insensitive to 
changes in gain. As a prerequisite for the design 
method using the characteristics of iso-damping, 
the differential values for magnitude and phase are 

necessary at the specific frequency w_g  of the 
frequency transfer function of the control process. 
For this reason, it is easy to apply to lower order 
systems, but there is a problem that is difficult to 
apply to higher-order systems. In this paper, we 
propose a generalized design method of a robust 
controller that simultaneously satisfies the 
characteristics of phase margin and equal braking 
at a specific frequency w_g using a reduction 
model with a second-order delay. 

Simulation results show that a robust controller can 
be designed that satisfies the characteristics of 
phase margin and iso-damping for higher-order 
models. This paper is composed of PID controller 
design, simulation, consideration and conclusion 
which satisfy the iso-damping such as improved 
model reduction algorithm, phase margin, etc.  

2. Robust Controller Design 

This chapter describes the algorithm to obtain a 
reduced model with second-order with delay time 
using the Nyquist plot in the frequency domain and 
the design of the PID controller that satisfies the 
iso-damping such as phase margin as shown in 
Figure 1.

 

Figure 1. PID controller design satisfying the characteristics of phase margin and iso-damping 
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2.1. Model Reduction Algorithm 

In the case of higher-order models, it is difficult to 
find the derivative values for phase and magnitude 
at a specific frequency w_g  of the loop transfer 

function. Therefore, after the reduction model with 
second-order plus delay time is obtained for all 
models[14], this model can be used to design a 
controller with generalized characteristics of iso-
damping.  

 

Figure 2. Flowchart of the improved reduction model algorithm 
 

2.2. PID tuning algorithm 

The PID controller tuning algorithm that 
simultaneously satisfies the specific phase 
margin and iso-damping using the reduction 
model with the second delay time is as follows. 
The transfer function of the control process is 
called Gp(s) , the transfer function of the 
controller Gc(s) , and the specific phase 
margin(Φm) is expressed by equations (1) to (3) 
in terms of iso-damping characteristics. 

 
 

  | 𝐺𝐺𝑐𝑐(𝑗𝑗𝑤𝑤𝑔𝑔)𝑝𝑝𝐺𝐺𝑝𝑝�𝑗𝑗𝑤𝑤𝑔𝑔�| = 1  (1) 
   

Φ𝑚𝑚 = arg [ 𝐺𝐺𝑐𝑐(𝑗𝑗𝑤𝑤𝑔𝑔)𝑝𝑝𝐺𝐺𝑝𝑝�𝑗𝑗𝑤𝑤𝑔𝑔�] + 𝜋𝜋      (2) 
 

∠𝑑𝑑𝑑𝑑(𝑠𝑠)
𝑑𝑑𝑑𝑑

|𝑠𝑠=𝑗𝑗𝑤𝑤𝑔𝑔 = ∠G(s)𝑠𝑠=𝑗𝑗𝑤𝑤𝑔𝑔   (3) 

 
Here,  wg  means the frequency that meets the 
point where the amplitude of the Nyquist curve 
is 1, that is, the gain crossover frequency. 
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The transfer function Gc(s) of the PID controller 
is represented by equation (4), and the control 
process transfer function having the second delay 
time is expressed by equation (5). 
 
𝐺𝐺𝑐𝑐(𝑠𝑠) = 𝑘𝑘𝑝𝑝(1 + 1

𝑇𝑇𝑖𝑖𝑠𝑠
+ 𝑇𝑇𝑑𝑑𝑠𝑠) = 𝑘𝑘𝑑𝑑𝑠𝑠2+𝑘𝑘𝑝𝑝𝑠𝑠+𝑘𝑘𝑖𝑖

𝑠𝑠
  (4) 

 
𝐺𝐺𝑝𝑝(𝑠𝑠) = 𝑒𝑒−𝑠𝑠𝑠𝑠

𝑎𝑎𝑎𝑎2+𝑏𝑏𝑏𝑏+𝑐𝑐
    (5) 

 

Here, ki =  kp
Ti

 , kd   =   kp Td 

 
The frequency transfer function Gc(jw) of Eq. 
(4) is shown in Eq. (6), and the magnitude and 
angle values are shown in Eqs. (7) and (8). 
 

𝐺𝐺𝑐𝑐(𝑗𝑗𝑗𝑗) = 𝑘𝑘𝑝𝑝(1 +  1
𝑗𝑗𝑗𝑗𝑗𝑗𝑖𝑖

+ 𝑗𝑗𝑗𝑗𝑗𝑗𝑑𝑑𝑠𝑠)       (6) 
 

|𝐺𝐺𝑐𝑐(𝑗𝑗𝑗𝑗)| = |𝑘𝑘𝑝𝑝|�1 + (𝑤𝑤
2𝑇𝑇𝑖𝑖𝑇𝑇𝑑𝑑−1
𝑤𝑤𝑇𝑇𝑖𝑖

)2      (7) 

 
∠𝐺𝐺𝑐𝑐(𝑗𝑗𝑗𝑗) = 𝑡𝑡𝑡𝑡𝑡𝑡−1(𝑤𝑤

2𝑇𝑇𝑖𝑖𝑇𝑇𝑑𝑑−1
𝑤𝑤𝑇𝑇𝑖𝑖

)        (8) 

 

The derivative function  dG(jw)
dw

for w of the open-
loop frequency transfer function G(jw)is given 
by Eq. (9). 
 
dG(jw)
dw

 = Gp(jw) dGc(jw)
dw

 + Gc(jw) dGp(jw)

dw
   (9) 

 
The frequency transfer function Gp(jw)  of the 
control process is expressed as the size and angle 
as follows. 

 Gp(jw) = │Gp(jw)│∠Gp(jw)  (10) 
 
Taking the natural logarithm on both sides of Eq. 
(10) and differentiating with respect to w is equal 
to Eq. (11) 

dp(w)
dw

  =  G(jw)(Fa1 + jFb1)  (11) 
    

Here, Fa1  =   𝑑𝑑ln|𝐺𝐺𝑝𝑝(𝑗𝑗𝑗𝑗)|
𝑑𝑑𝑑𝑑

  ,    Fb1 =  d∠Gp
(jw)

dw
 

Differentiating Eq. (15) with respect to w gives Eq. 
(12). 

  dGc(jw)
dw

  =  jkp �Td +  1
w2Ti

 �  (12) 

 
Substituting Eq. (11) and Eq. (12) into Eq. (9) is 
the same as Eq. (13). 
 
dG(jw)
dw

= kpGp(jw){𝑤𝑤2𝑇𝑇𝑖𝑖𝐹𝐹𝑎𝑎(𝑤𝑤) − (𝑤𝑤2𝑇𝑇𝑖𝑖𝑇𝑇𝑑𝑑 −
1)  𝑤𝑤𝐹𝐹𝑏𝑏(𝑤𝑤) } + 𝑗𝑗{𝑤𝑤2𝑇𝑇𝑖𝑖𝐹𝐹𝑎𝑎(𝑤𝑤) − (𝑤𝑤2𝑇𝑇𝑖𝑖𝑇𝑇𝑑𝑑 −
1) 𝑤𝑤𝐹𝐹𝑎𝑎(𝑤𝑤) + 𝑤𝑤2𝑇𝑇𝑖𝑖𝑇𝑇𝑑𝑑 + 1 }                                (13) 
 

 
Considering only the angle in equation (12) is the 
same as equation (14). 

∠ dG(jw)
dw

  =  ∠Gp(jw) +

tan−1 � wTiFb(w)+�w2TiTd−1�Fa(w)+w2TiTd+1
Fa(w)wTi−(w2TiTd−1)Fb(w)  � 

     
(14) 

 
Here,Fa(w) = wFa1(w),   Fb(w)  =  wFb1(w) 
 
Equation (15) taking into account the 
characteristics of iso-damping is as follows. 
� w

2TiTd−1
wTi

 �   =

  � wTiFb(w)+�w2TiTd−1�Fa(w)+w2TiTd+1
Fa(w)wTi–(w2TiTd−1)Fb(w)  �   (15) 

 
The phase margin conditional expression of 
Equation (2) can be expressed as Equation (16). 
∠G(jw)   =   ∠Gc(jw) + ∠Gp(jw) = Φm − π 
      (16) 

 
Equation (17) can be obtained through equations (8) 
and (16). 

� w
2TiTd−1
wTi

 �   =    tan �Φm − ∠Gp(jw)�      (17) 
 
Summarizing using equations (17) and (15), the 
control parameter Ti  value is equal to equation (18). 
Ti   =
  −2

w{Fa(w)+tan�Φm−∠Gp(jw)�+tan2(Φm−∠Gp(jw))Fa(w) }
   

      
(18) 

 
Using the second model of delay reduction 
described in the previous chapter, Fa (w) is 
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obtained as shown in Eq. (19). 
 

Fa(w) = w 𝑑𝑑𝑑𝑑𝑑𝑑|𝐺𝐺𝑝𝑝(𝑗𝑗𝑗𝑗)|
dw

   =

  −w  � 2a2w3–�2ac−b2�w
c2–(2ac−b2)w2+a2w4 �    (19) 

 
From the equations (4) and (5), the open-loop 
transfer function Gc(s) Gp(s)  is obtained as 
follows. 

Gp(s)Gc(s)  =  e
−sL�kds2+kps+ki�

(as2+bs+c)s
 =

kps e−sL

(as2+bs+c)s
 + (kds2 + ki)

e−sL

(as2+bs+c)s
  (20) 

 
 
The open-loop transfer function molecular formula 
exponential portion ( e−𝑠𝑠𝑠𝑠 ) of equation (20) is 
applied to Euler's formula and expressed as 
frequency transfer function G (jw), as shown in 
equation (21). 
 

G(jw) =  𝑘𝑘𝑝𝑝𝑟𝑟𝑟𝑟 + 𝑧𝑧𝑧𝑧𝑧𝑧 + 𝑗𝑗𝑘𝑘𝑝𝑝𝑖𝑖𝑖𝑖 + 𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑗  (21) 
 
 Here,  z =  ki– kdw2,  
rx =  w  cos(wL)�cw−aw3�−bw3 sin(wL)

b2w4+(cw−aw3)2  ,  

ry =  �−b𝑤𝑤
2𝑐𝑐𝑐𝑐𝑐𝑐(wL)−�cw−aw3� sin(wL)�

b2w4+(cw−aw3)2  , 

ix =  �−w  sin(wL)�cw−aw3�−bw3 cos(wL)�
b2w4+(cw−aw3)2  , 

 iy =  �bw
2𝑠𝑠𝑠𝑠𝑠𝑠(wL)−�cw−aw3� cos(wL)�

b2w4+(cw−aw3)2  
 
Looking at the properties of equation (31),   First, 
the shape part is the sum of the product of the 
control parameter k_p, z and the function rx, ry, and 
the imaginary part is the sum of the product of the 
control parameter k_p, z, and the function ix, iy.   
Second, the components of the function (rx, ry, ix, 
iy) are composed of the parameter values (a, b, c, 
L) of the reduction model and the angular 
frequency w. In this paper, the following two steps 
algorithm is applied to design a PID controller that 
satisfies the characteristics of phase margin and 
iso-damping. 
 
Step 1) Determine the values of rx, ry, ix, iy. 
To determine the value of the function, we need 
to determine the parameter values (a, b, c 의, L) 

and w of the reduced model. The parameter value 
of the reduced model can be obtained through 
equations (9) and (10), and the w value can be 
obtained through iterative calculation. This value 
can be used to determine the rx, ry, ix, iy values. 
 
Step 2) Determination of PID control parameter 
values that satisfy the characteristics of phase 
margin and iso-damping.  Satisfying the phase 
margin in equation (21) is the same as equations 
(22) and (23). 
 

kp rx +  kp
Ti

 ry − kpTdw2ry = − cos(Pm)    (22) 

kp  ix + kp
Ti

 iy − kpTdw2iy = − sin(Pm)     (23) 

 
According to equations (18), (22) and 

(23), the parameter values of the PID controller 
satisfying the characteristics of phase margin and 
iso-damping are as follows. 

 
kp =  sin(Φ𝑚𝑚)ry−cos(Φ𝑚𝑚)iy

rxiy−ixry
                              (24) 

 
Ti   =

  −2

w{Fa(w)+tan�Φm−∠Gp(jw)�+tan2(Φm−∠Gp(jw))Fa(w) }
   

                    
(18) 

 
Td =  Tikprx+kpry +cos

(Φ𝑚𝑚)Ti
kpTiw2ry

            (25) 

 

3. Simulation and Consideration 

In this chapter, we can obtain the reduced model by 
the proposed method for the higher-order models 
and design the PID controller that satisfies the 
characteristics of phase margin and iso-damping 
using the reduced model. We prove this through 
simulation. 

As the simulation example, an eighth-order model 
with no delay time and a third-order model 
including delay time were selected. The controller 
parameter value that satisfies can be obtained by 
equations (18), (24) and (25). The parameter values 
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of the reduced model and PID controller are shown 
in Table 1 

Table 1: Simulation model and control parameters 
 Transfer 

function 
Reduction Model PID Controller Performance 

specification 

1 1
(s + 1)8 e−3.6006s

8.4030s2 + 4.8632s + 1 0.84492 �1 +  
1

2.9319s
 + 2.9645s� Phase margin 

(34.5o), 

Iso-damping 

 

Figures (a) and (b) in Figure 3 show the frequency 
response and time response for the higher-order and 
reduced models, respectively. 

Figure 3 (c) satisfies the phase margin as the 
Nyquist diagram response after the controller design, 

and Figure 3 (d) shows the unit feedback response 
after the controller design. Figure 3 (e) shows the 
bode diagram response and it can be seen that it 
satisfies the performance specification (phase 
margin, iso-damping). 
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Figure 3. Response characteristic for 𝐆𝐆(𝐬𝐬) = 𝟏𝟏/(𝐬𝐬 + 𝟏𝟏)𝟖𝟖 
 

4. Conclusion 

In this paper, we propose a robust controller 
design that satisfies the characteristics of phase 
margin and back braking using a reduction model 
with secondary delay time. In the lower order model, 
it is easy to find a specific frequency that satisfies the 
characteristics of iso-damping, but in the higher-
order model, it is very complicated, so the reduced 
model is used. The reduced model algorithm used in 
the paper is an improved method. Through the 
reduction model obtained, Ti controller parameter 
values satisfying the characteristics of iso-damping 
were determined, and Kc and Td parameter values 
were calculated to satisfy the phase margin. It can be 
confirmed through simulation. 
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