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W mom (")"(")} {"(”)} and {Zmn } are computed to be 2, 0 and ¥, piz

@’

respectively. An estimate for ), p—z is given.As a corollary we have the upper bound

Lq(1)

25 .
e for the mean value of L-series values {m}d squarefree
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| INTRODUCTION
Let 0(n) = Y k Then 22 =3, = The
mean of an arithmetic function f(n) is defined to
be Lim oo = Vinzx f ().

The mean of the arithmetic function Z= |s known

to be {(2) =) —2 =— ([1], Th 3. 6) We adapt

this method to compute the mean of {—” (")“(")}n L

the sequence of sums of reciprocals of divisors of
(V)] u%(n)
4C)) =

(Prop 1 (a)). For the special choice of subsequence

of primes, we find the mean to be 0 (Prop 1
(b)).The "formal guess" Zp

squarefree integers : the value is

turns out to be the

mean of a different functlon f(n)=2p|n%

(Remark 1). For this we use the Tauberian result in
Hlawka et al ([3] p200). We discuss the value of

Xp p_12 and an upper bound for it.
Proposition 1

2
1. lex—mo §2n<x £ (n_r)lo.(n) =
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2. Limy_,o = Zp<x 7@ —

p
Proof. (a)

2
yraw. v 5

nsx ssx,ssqfree d|s
> Gty

d
d=sx,dsqfree qs<x/d,qsqfree

o

d=x,dsqfree

=X z %+O( z 2)

d=<x,dsqfree d=<x,dsqfree

_xzu

nsx

1 1
(sinceZ —SE - =
d n

dsx nsx

1 x
E{E +O1)}

logx([1],Th3.2))

Dividing by x and letting x — c we have the
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{(2) = ? and {(4) = Z—: the numerical value is

= ([41p 232).

mean to be Y, as claimed. Since

(b)Define
0 ifnnotprime

fm) =40
p

ifn = p, prime

We compute the mean of f(n):

zﬂ)——E@

nsx p<x
_lz 1_|_1
=22, ()
p<x
SR
psx psx
w(x 1 1
_ ()+_Z_
X X p
psx

But 2p<x

Also as x — oo,

~ loglogx ([1], Theorem 4.12).

n(x)

- 0 ([4], Cor 2, p24). Hence

o
Lim, Z (p)
x p

p=x

(x)

=Limy_ oo——

Li _)00—2—=0 0=0

+ Lim,, x( p) +
p<x

Remark 1 We point out another approach to proofs
of Propl, by ([3], p200) Tauberian methods. Let
f(n) be a bounded arithmetic function of mean 0.

Then
ST IS S femy +o )

nsx nsx mjn
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We choose f(n) = % and apply the above; letting

x> o we have Z%=meanof(¥=
Zm|n f(m))

u*(n)
n

For (a) we choose f(n)= to derive

Z.“v %(n)

2
= mean of @

. 1 .
However the series )., = is thus the mean of

. 1
f(n) givenby f(n) = Tpjn >
Note that f(n) is not the function in Propl
(b).
Remark

1
R
0.452247420041065498506543364832247934173231343239809...

([2], p209).This is done by summation of a
suitable Dirichlet series. We obtain an upper
bound (not sharp) by the following elementary
comparison:

The nt* prime p, > 2n for n > 4. Hence

Zn 5 Zn 5 (2n)2

1 s 1
=@ -2 )

205
=55
So
§:1<1+1+1+1+1n2 205
i ph - 22 52 26 " 576
n=

< 0.7437842559486

Remark 3We recall the estimate ([5]) for
squarefree integers d:

a(d)

<l (14 = ¢ %%

La(2) —
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for L -series values : c=%. In view of

Proposition 1(a) we have

d()

Corollary 1The mean of { } Is bounded above

Proof. By the comparison above the mean of
{Ld(l) G(d)) But

La(2)
2
by Prop 1(a) this bound is ¢S = 3% 13 _ 25

{(4) 48 ‘w2 16

} is bounded above by ¢ (mean of—

Corollary 2Let h(n) = (1 — u?(n)) ka (k)—

sum of reciprocals of squarefree divisors of non
squarefree n. The {h(n)} has mean 0.

Proof. We apply Wintner’s Theorem :If f =1 x g

y lgl Ig(n)l

and < oo then

Mean f=2¥ (ie the residue at 1 of
((S) Zn gr(ln):Mean f if Z Iggln)l < oo)

N

Let g(n) =

(B 280
Z@:Zn kln :
o(n)
Ry

Now by Wintner, Mean {fﬁz% =Mean

@ 5o that ¥, —'g:‘)' = %”) - %

{u*(n) ?} by Prop 1(a) above.

Hence Mean {h(n)}= difference of means of f
and {u?(n) 2

@) _ (@ _
{4 <™

Remark 4Let a(n) = (Zipn 1) (1 — p2(n)) =sum
of reciprocals of divisors of non squarefree n.

Then Mean {a(n)} =Mean {U(")} - Mean
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o)y _ @
wm™ = (2 -2

=¢((2)(1 - @) > 0 (by Prop 1(a) above).
Yet the resticted sum {h(n)} in Corollary 2 has
mean zero.
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