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Within the frame work of Ginzburg-Landau theory and the modified BCS
theory, the Helmholtz free energy, specific heat, and critical fields were
derived. The obtained expressions where then used to compute numerically
the free energy, specific heat, and critical fields as a function of

temperature using relevant parameters for certain compounds. The results
show relatively similar behavior for the two theories. However, the results
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using the BCS modified theory showed good agreements with some
reported experimental results.
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1. Introduction

Since the discovery of high temperature
superconductors (HTSC’s) in the ceramic
copper oxides (cuprates) by Muller and
Bednorz [1], theoretical and experimental
attempts were made to explain the mechanism
of superconductivity in these compounds, but
none of them was fully accepted [1-3]. The
difficulty of this problem is due to their
complicated properties. With their complicated
crystalline structures (layered structures),
these HTSC’s not only show a relatively high T,
but also show properties that differ from those
of the (low-temperature)
superconductors [4,5]. Theoretical calculations
of free energy and specific heat with the
available experimental data could provide a
better understanding of the fundamental

classical
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processes involved in the mechanism and
behavior of these compounds.

The aim of this article is to compare the as
obtained results from Ginzburg-Landau
phenomenological theory and the
corresponding results as obtained from the
microscopic BCS theory.The calculations
include Helmholtz free energy, specific heats
and critical fields. Then the Helmholtz free
energy difference, 4f and the specific heat
difference, 4Cy,, will be computed.The obtained
results from the two theories will be compared
with some available experimental results of
some compounds.

Theoretical Background:From basic
thermodynamics of superconductors, the free
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energy density difference between normal and
superconducting states in zero field is given by:

H, (T)

f(0) = £:(0) = (1),

where the subscripts (s) and (n) denote
superconducting and normal states. It shows
that the critical magnetic field, H,, is related
thermodynamically to the free energy [7,8].
The emperial law of H.(T) is given by [8]:
H.(T) = H.(0)[1 - ¢*](2),

T
where t = o is the reduced temperature. The

c

entropy, S, and the specific heat, C,, are given
by:

s=-(),®

ds
€, =T =Tk,

In the absence of any field, the Helmholtz free
energy can be written as [9-11]:

fs(T,0) = £,(T,0) + a(D)|¥|* +
ED w1+ . (5),

where|¥W| is an order parameter and o and B
are the characteristic expansion coefficients
[7]. For T <T,the coefficient o« must be
negative and fmust be positive thus, there are

two minima at = + ’_ﬁ—a . Now, by minimizing

the free energy, the change in the free energy
between the superconducting and normal state
is given by:
aZ
fi=fo= —55(6).
The coefficients usually expanded as:
a(T) = ayT,(t — 1) where «, = constant > 0

and B can be taken as constant then equation
(2.6) becomes [12]:

fo—fi= “” t-1* (@)

Published by: The Mattingley Publishing Co., Inc.

March - April 2020
ISSN: 0193-4120 Page No. 474 - 481

Using equations (2.3) and (2.4), the change in
entropy, S; —S,, and the change in specific
heat, C; — C,,, can be written as:

2
Ss_Sn Z%Tc(t_l) (8)

aoz
C,—C, = TTCt (9)

Also, from Egs. (5), (6) and (7) the
thermodynamic critical field, H., can be written
as:

H(©) = [ (T (e = 1)(10).

From Ref. [15], the free energy density
difference between the superconducting and
normal states, is given by:

fs—fn _ _l 2 A2 w
b = 2021 - 23(Din [A =

A(T)
L _are P [T [

387A(7)—151287A(7)2(11).
and A(0) is given by:
A(0) =

|+

— 12),
]( )

sinhi [Zn 0(2n+1)ntan ( C(2n+1)1t)

where A(0) and A(T) are superconducting
order parameters (energy gap) at 0K andT,
respectively; N(0) is the density of states at
Fermi level, since hwp <€ then N(O)=N (gf),
where w) is Debye frequency and € is Fermi

energy.

In G-L theory there are two characteristic
length, the penetration depth (A) which
represents the distance that a magnetic field
penetrates a superconductor, and the
coherence length (§) which represents the size
of Cooper pair (according to the BCS theory).

The ratio of the two lengths, %, is called the

Ginzburg-Landau
parameters oj and [3 are given by[5,16].

parameter, K. The
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h2 _0.0305x1071°
0 = T 22(0) | TE2(0)
B =0.216 x 10~°1 x K2(14)

The reported values (Ref. [11, 12, 17] of the
parameters T,, A and ¢ were measured in ab-
plane when A and € are parallel to the planes
and c- direction when A and § are
perpendicular to the planes, therefore, we
made the calculations in ab- plane and c-
direction independently. We did not consider
the change in electron pair mass between ab-
plane and c- direction. Also, we did not
consider the effect of the thermal fluctuations
around the critical temperature. From Eqgs (13)
and (14) and using the reported data of T,, 1
and ¢ we have calculated ay and S for several
cuprate superconductors then substituted the
results directly in Eqs (7), ((9) and (10) to
calculate free energy difference, specific heat
difference and critical field.

(13)

In the BCS modified theory, we used the
equation for the free energy difference

between superconducting and normal state per
fs—fn

N’
the corresponding expressions for Ac and Hg;

density of states, , namely,Eqn.12 to derive

and they are given by:

C—C, _—td? [fs ﬁl]

"N() T, dtZl N(O)
_ —td? 2 2 A(0)
=7 —202(D) — A’ (D)In [A( )]+
LA
m2(T,t)? — 4T te et /"”—A(”x
Tt
1+ 36 - = 6 ]](15)
and,
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H

JN(0)

VI Y. A(0)
2 02(t) — A2(8)ln [A@] +

1 AO o e
ar| 32 (T — 4(T.)e Tt ”T

\ [1 + % (ATE:)) B % (AT(C;))Z]
(16).

Results and Discussions:

Table-1 shows reported values of A, ¢ and
T. [11,12] and the calculated a, and S for one
list of cuprate superconductors (ab- plane).
While Table-2shows reported values of A, &
andT, [11,12,17], and the calculated ay and
for another list (c- direction).

Table-1: Reported values of4, ¢ and T, [Ref. 11, 12]and
calculated @, and f for a list of cuprate superconductors.

bk bk

ab-plane
% = HoBay Cuyy 5
0 == Hgbay Céy Gup O

- direction

= Y Bay Cuy 074

%0
= Hy Bay Cay Ouy Og,y

= Ply Sry(¥, Ca) Sa Cup
== Lay g5 S5 Ou Oy

= ¥Bey CuyOse ]
== Py Sny(Y, Ca) CaCuyly
== BipSry CaCup Oypyy

%

il 150

== Hy Bay CaCuy Oy

15 == Bi Sty CaCuy Qg — ThBi 0y

== Tl Bay Caluy g4y
(Laygs Srgsl2 CuOy T

100

Material Aap [0 &qp [1] T, [K]

(Lao_glsro_og)zc 283 3.3 30 0.093 0.159

Pb,Sr,(Y,Ca)C| 258 | 1.5 | 76 0.178 0.639

YBa,Cus3049s | 150 | 1.7 | 91. | 0.116 | 0.168

HgBa,CuO,.s | 117 | 21 | 93 | 0.074 | 0.067

Bi,Sr,CaCu,04 200- | 2 | 94 | 0.081 | 0.337
300

Bi,Sr,Ca,Cus0 150 | 2.9 | 107 | 0.034 | 0.058
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Tl,Ba,CaCuz0] 200 | 3 [ 125 0.027 | 0.096

HgBa,Ca,Cus( 130- | 1.5 | 135 | 0.100 | 0.261
200

Table-2: Reported values of 4, ¢ and T, [Ref. 11, 12,
17]and calculated a( and g for a list of cuprate

superconductors..
Material A, (mm &.(nm T, (K _o| B[107Y
a0[10 3
Jm’]
La, g5ST0sCu0, | 400 | 0.7 | 40 | 16 7.1
Pb,Sr,(Y,Ca)Cq 643 0.3 76 4.5 99.2
Tl,Ba,Culq,, | 200 | 02 | 82 | 93 2160
0
YBa,Cuz0, 5 | 450 | 0.2 | 90 | 85 109.4
HgBa,CaCu,0y 800 | 0.4 | 12 | 15 86.4
7
HgBa,Ca,Cus0 700 | 019 | 13 | 63 293.2
5

The calculated changes of Helmholtz free
energy difference between the
superconducting and normal state versus
reduced temperature in ab- plane and c-
direction are shown in Fig.1.

Figure 1: Free energy difference (f, — £,) in units of [10*
(J/m3)] versus reduced temperature (t) in ab- plane and
c- direction.

Figure 1 shows that the free energy difference
(f, — f5) decreaseswithincreasing temperature.
It also shows that the value of free energy
difference (fn, — f5) at each reduced
temperature, t, for each compound depends on

the parameters A and § (Af « (5)2 )

The calculated changes of specific heat
difference between the superconducting and
normal state with temperature, in ab- plane
and c- direction are shown in Fig.2.
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(s-Cy ab- plane
— HyBa, Cul,s GOy
YB!; Cll] 05“

¢- direction
— ¥ Bay Cuy 0y 4
- Hg ﬂdz Cﬂlz CUJ DM
10 = Py Sty ¥, Ca) Sa Cuy 0y
- Lim SIM GUOA

80 — HgBay Gay Cuy Oy,
— Pby Sy, Ca) Catuy 0y
— Biy §ry CaCty Oy,
60 — BiySry Gabuy Oy,
= (Laygy Sy €Uy

500
= Hg Eﬂ? CBCLI; 05“

00 - nz Bi; (v 05”

PR

300

Tly Bay CaCuy Oy / 4

Figure 2: Specific heat (C; — C,) in units of [102(J/ (K.
m3)] versus reduced temperature (t) in ab- plane and c-
direction.

This figure shows that the specific heat
difference (C; — C,) is linearly dependent on
reduced temperature (t) in accordance with
Eq. (9). The slope of these lines is equal to

aﬁlzTc, which depends on 4, ¢ and T, (the slope
1
(&),
t = lorT = T,must give the values of energy
gaps (AC,(T,.)) in units of (J/ (K. m3).We have
found that the values of free energy difference
depends on (AC,(T,))as follow:

[ ). The wvalues of (C;—C,) at

AC, (T )*T, *

fo— fs m =R (0 1)
(18),

and the relation between all superconducting
parameters:

E202AC,(T)T, ~ n2@,” = constant.
(19)

The calculated change of the thermodynamic
critical field with temperature in ab- plane and
c- direction is shown in Fig.3.
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Table-3: calculated values of H.{, H., and H, at OK in ab- plane and c- direction.
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is basically the value of H.(0)) is equal
toaOTC\/% and these values depend on A4, &

(the slope « —%). The calculated values of

H.(0), H.(0) and H (0)* for cuprate
compoundslisted in Table-1 and Table-2
aresummarized in Table-3.

We have calculated the energy gap values A(0)
using Eq. (12) for the set of cuprate
superconductors used in this study and
utilizing the T, and wp values from Ref 11. The
calculated values of A(0) are listed in Table-4.

Table-4: Calculated results of A(0) in units of [meV] from
equation (12) versus experimental values of A,,,, (0) in

units of [meV]. Ref. [19]

Material K(’l/f K(l/E (He(0)| (Her(0) (Hea(0) (He(0] (Heq (0 (He(0)
[10727] [107%T] [T] [107%] [107%7] [T]
(Lag.91ST009)] 85.76 | - 249 | 091 | 302 [ — | = | -
Lay g5STo.5Cu{ ------ 2T S — 82.75| 0.65 | 668.7
4 —
Pb,Sr,(Y,Ca) 172 | 214 | 599 | 1.27 | 1457 | 120.6| 031 | 3655.5
33
Tl,Ba,Culg,| ----- T i p— 58.16| 0.04 | 8225.1
00
YBa,Cuz0;_] - 7L [ S — 258.4] 0.63 | 8222.2
0
YBa,Cuz064] 88.24| - 91.7 | 329 [ 1144 | - | —mr | e
HgBa,CuO,,| 55.7 | —-- 945 | 482 | 744 | —- | — | -
BiSr,CaCuy( 125 | - 464 | 127 82 | e | e [ e
Bi,Sr,CaCud 51.7 | —-- 529 | 285 | 3868 | — | -~ | -
Tl,Ba,CaCus| 66.67 | -—-- 378 | 1.68 | 3564 | —— | -~ | -
HgBa,CaCuy| -—---- YT e i p—— 727 | 02 | 20563
- 0 o - —
HgBa,Ca,Cul 110 | 368 | 94.4 | 285 | 146.85| 1749 0.28 | 9112.7
42
fy [/
"
ab-plane 5 4
P - direction
— Hobay Cultyg

= HoBap Gag Cuy Oy = Y ey CuyOr.4
08 = YBay Cup Opsy

= PhySilY, G CaCuay
== Biy Sy CaCl Oy

~ Ho Bay Cay Cup Ogyy
= Py Sny(Y, Ga)Sa upy
0§

N\, = LayggSms Cuy
= Biy Sry CaClp Ogyg N

2 ~ Hy Bay CaCup Oy
10 N = Th Ba Cu Oy

o == Tl Bay Cauy Oypy

(LengtSrgal Culy

Figure 3: Critical field H,(t)in units of [10~2T]versus
reduced temperature (t) in ab- plane and c- direction.

Fig. 3 shows that the thermodynamic critical
field H_.is linearly dependent on reduced
temperature (t) in accordance with Eq. (10).

8m

The slope of these lines is equal to —a(T, 2

and the intercept for each line (which

Published by: The Mattingley Publishing Co., Inc.

Material A(0) Ay (0) Percent

[meV] [meV] error
Ref[19]

(Lago2sBago7s2)2Cu0y | 427 | - | -
(La0_925ST0_075)2Cu04 5.95 ~ 6.5 9.24
YBa2CU307 15.97 ~ 16 0.002
BiySt,CaCuy0q 1781 | ~175 | 0017
Bizsrzca2CU3010 2092 "’205 002
leBClzCClzCU,gOlO 2391 | - | -eee-

The calculations of A(0O)were in good
agreement with experimental values.The
energy gapto T, ratio shows a value several
times larger than BCS predicted value and

approximately equal: ZkA—(? ~ (3.5 — 5)which is
Blc

similar to results mentioned in Ref. [20] for
cuprate superconductors.

The calculated change of Helmholtz free energy
difference between the superconducting and
normal state per density of states with
temperature for the cuprate superconductors
listed in Table-3 is shown in Fig.4.
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-]

— Tl Bay Cay Cuz Oy
—— Bip Srp Cap Cuz Ogp
~— Bip Srp CaCup O

—— YBa Cuz O7

— (Lap g5 Srp.o75)2 Culy
— {Lag 925 Bag grsale Cu0y

—— T3 Bay Cay Cuz Oy
—— Biy Sry Cap Cuz Oy
—— Bip Srz CaCuy O
—— V¥Bay Cuz O7

= (Lap.gz5 Srp.o75)2 Cu0y
— [Lag g25 Bag.grsalz Culy

Figure 4: (f,—f.)/N(0) in units of [103K?] vs reduced
temperature (t).
Plotrange: a. (0 = 1)t and b. (0.9 - 1)t.

Fig. 4 shows that free energy difference per
density of states (f,—f;)/N(0) decreases with
increasing temperature and at temperature
close to T, superconductivity is destroyed. It
also shows that the magnitudes of (f,—f;)/
N(0)at certain reduced temperatures depend
on T, andA(0). This could be duetoextremely
large thermal fluctuation around 7.

The calculated change of specific heat
difference between the superconducting and
normal state per density of states with
temperature for the cuprate superconductors
listed in Table-3 is shown in Fig.5.

Published by: The Mattingley Publishing Co., Inc.
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N[D)

— T3 Bay Cay Cuz Oy
—— Biy Sry Cap Cug Ogg
—— YBay Cuz OF

—— Bi; 5r; CaCup Oz

— (Lag.g25 Srp.p7shz Culy

1
Tt~ {Laggz5 Bag.g7szlz Culy

[+]

— Tl Bay Cap Cuz O
~ Big Srg Cag Cugz O4p
—— ¥Baj Cuz 07

—— Biy Sr; CaCup Oz

— [Lap.g25 Srp.o75)2 Culy

550~ [Lap 525 Bag g7s2)s CuOs

-0.02 -

FIG.5: (C,—C,)/N(0) in units of[10?K]vs reduced
temperature (t)
Plot range: a. (0 = 1)t and b. (0 — 0.3)t.

Fig.5 shows a hump in specific heat change per
density of states (C;—C,,)/N(0)as temperature
approachesT,. At temperatures, well below T,
(when tis within the range (0 — 0.25)) the
change in specific heat becomes negative i.e.
C; < C,which agrees some experimental
evidences. It also shows that the values of
(Cs—C,)/N(0) at certain reduced temperature,
t, depends on A(0) and T.. Similar behavior of
C,—C, was observed forYBa,Cu3;049,,[3] and
Bi;12811.9Ca1,06CU1.96 0814, [3, 21].

The calculated change of critical field per
density of states with temperature for the
cuprate superconductors listed in Table-3 is
shown in Fig.6.
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1
; 1
Figure 6: H./N(0) in units of [1072T xm2 *K—Zl] Vs
kpZ
reduced temperature (t).
Plot range: a. (0 —» 1)t and b. (0.9 —» 1)t.

Fig.6 shows that the thermodynamic critical
field per density of states H,/N(0) decreases
when increasing temperature and at
temperature close to T,it vanishes. It also
shows that the values of H./N(0)at certain
reducedtemperature, depends on T, andA(0).

CONCLUSIONS

In conclusion, we have studied the
thermodynamics of cuprate superconductors
using Ginzburg-Landau theory and modified
BCS theory. Without taking into account the
chemical composition of the system or its
crystal structure, we found that the free
energy difference, the specific heat difference,
and critical fields all depend on the parameters
T,, A4, & and AC,(T.), ; with noticed direct
proportionality with T, and AC, (T,)and inverse
proportionalitytod and ¢.By comparing the
results in ab- plane and c- direction it is

Published by: The Mattingley Publishing Co., Inc.
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concluded that all the thermodynamic
calculations are strongly dependent on the
values of the coherence length (¢) which
means that Cooper pairs sizes play important
role on the thermodynamic stability of these
materials.It has been found that free energy
difference, the specific heat difference, and the
critical fieldsall dependdirectly on7, and wp.
There was agood agreement between the
experimental observations and the theoretical
calculations. For HTSC’s (strong coupling), the
lattice plays a role or probably the phonon
mediated mechanism is responsible for the
pairing of electrons formed in condensed state
for HTSC's. We suggest studying the isotope
effect of these materials which could help in
proving whether the BCS theory is also valid
for HTSC’s or not.
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