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Abstract 

Parallel Contextual array insertion and deletion grammars (PCAIDG) are the recently 

introduced formalism for generating rectangular array languages using insertion and deletion 

operations and parallel contextual mappings. PCAIDG strictly include Tiling System (TS) of 

Giammaresi and Restivo.  On the other hand, a context free class of grammar model named, 

Tile rewriting grammars (TRG) is also introduced in recent time for rectangular picture 

generation by amalgamating isometric rewriting rules with the Tiling System. TRG is 

proved to be more powerful than TS and array grammars by Siromoney and Prusa. In this 

work, we compare PCAIDG with TRG to understand the expressiveness in depth and form a 

hierarchy of these classes of grammars. 

 

Keywords; Parallel contextual array - tiling system – tiling rewriting grammar 

 

I. INTRODUCTION 

Tiling system (TS) of Giammaresi and Restivo [1] is 

a concept of recognizability of a set of pictures 

belonging to the family REC, defined by projection 

of local languages.  Tile rewriting grammars (TRG) 

and its variant, regional tile rewriting grammars 

(RTG), are the recent context free classes of 

grammars [4] which combined isometric rewriting 

rules with the tiling system.  TRG is proved to be 

more powerful than TS and array grammars by 

Siromoney and RTG. 

A new array contextual grammar called parallel 

contextual array insertion deletion grammar 

(PCAIDG) has been introduced in [2], based on 

internal parallel contextual grammars.  In this paper, 

we compare the generative power of parallel 

contextual array insertion deletion grammar 

(PCAIDG) with tile rewriting grammar (TRG) and 

regional tile rewriting grammar (RTG). 

II. PRELIMINARIES 

For the definitions pertaining to tile rewriting 

grammar (TRG) we refer to [4] and for parallel 

contextual array insertion deletion grammar we refer 

to [2]. 

III. RESULTS 

In this section, we compare the generative power of 

PCAIDG with TRG and RTG.  We denote by ℒ(𝐺), 

the family of languages generated by the grammar 

𝐺.  The family of all array languages generated by 

parallel contextual array insertion deletion grammars 

is denoted by ℒ 𝑃𝐶𝐴𝐼𝐷𝐺 . 

Theorem 1.𝓛 𝑷𝑪𝑨𝑰𝑫𝑮 ∩ 𝓛 𝑻𝑹𝑮 ≠ ∅. 

𝑃𝑟𝑜𝑜𝑓. The language 𝐿1 consisting of pictures with 

palindromic columns of ①’𝑠 and ②′𝑠 with even 

number of rows i.e., 
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𝐿1= 

 
 
 

 
 
① ①

① ①
  ,
① ②

① ②
  ,
② ①

② ①
  ,
② ②

② ②
  ,

① ① ①

① ① ①

① ① ①

① ① ①

  ,

① ② ②

② ② ②

② ② ②

① ② ②

 ,…  

 
 
 

 
 

 

is proved to be in ℒ 𝑇𝑅𝐺 [4]. 

We construct a PCAIDG grammar G to generate 𝐿1. 

Let 𝐺 =  𝑉, 𝑇,𝑀, 𝐶, 𝑅, 𝜑𝑟
𝑖 , 𝜑𝑐

𝑖 , 𝜑𝑟
𝑑 , 𝜑𝑐

𝑑  with 𝑉 = 𝑇 ∪  ▤, ▢ , 𝑇 =  ①,② . 

𝑀 =   
▤ ▤
▤ ① ,  

▤ ▤
▤ ②  , 𝐶 =   

▤
① ,  

▤
②  ,  

▤
▤
   ,  

𝑅 =   `

▤ ▢
▤ ▢
▤ ①
▤ ▤

  ,  

▤ ▢
▤ ▢
▤ ②
▤ ▤

  ,  

▢ ▢
▢ ▢
① ②
▤ ▤

  ,  

▢ ▢
▢ ▢
① ①
▤ ▤

  ,  

▢ ▢
▢ ▢
② ①
▤ ▤

  ,  

▢ ▢
▢ ▢
② ②
▤ ▤

  . 

For 𝛼, 𝛽, 𝛾 ∈  ①,② , we define column insertion mappings as follows: 

𝜑𝑐
𝑖  
▤ ▤
▤ 𝛼

 ,
𝜆
𝜆
 =  

▤
𝛽  , 𝜑𝑐

𝑖  
▤ ▤
▤ 𝛼

 ,
𝜆
𝜆
 =  

▤
▤
 ,𝜑𝑐

𝑖  
▤ ▤
𝛼 𝛽 ,

𝜆
𝜆
 =  

▤
𝛾 ,

▤
▤
  

For 𝛼, 𝛽, 𝑢, 𝑣 ∈  ①,② , we define row insertion mappings as follows: 

𝜑𝑟
𝑖  
▤ ▤
▤ 𝛼

 , 𝜆 𝜆 =  

▤ ▢
▤ ▢
▤ 𝛼
▤ ▤

 ,𝜑𝑟
𝑖  
▤ ▤
𝛼 𝛽 , 𝜆 𝜆 =  

▢ ▢
▢ ▢
𝛼 𝛽
▤ ▤

 ,  

𝜑𝑟
𝑖  
▤ ▤
𝛼 ▤

 , 𝜆 𝜆 =  

▢ ▤
▢ ▤
𝛼 ▤
▤ ▤

  , 𝜑𝑟
𝑖  
▤ 𝛼
▤ ▢

 ,
▤ ▢
▤ 𝛼

 =  

▤ 𝛽
▤ ▢
▤ ▢
▤ 𝛽

  , 

𝜑𝑟
𝑖  
𝛼 𝛽
▢ ▢

 ,
▢ ▢
𝛼 𝛽 =  

𝑢 𝑣
▢ ▢
▢ ▢
𝑢 𝑣

 , 𝜑𝑟
𝑖  
𝛼 ▤
▢ ▤

 ,
▢ ▤
𝛼 ▤

 =  

𝛽 ▤
▢ ▤
▢ ▤
𝛽 ▤

 . 

For 𝑎, 𝑏, 𝑢, 𝑣 ∈  ①,② , we define deletion operations as follows: 

𝜑𝑟
𝑑  𝜆 𝜆 , ▤ 𝑢 =  ▤ ▤ ,   𝜑𝑟

𝑑 𝜆 𝜆 , 𝑢 𝑣 =  ▤ ▤ ,  

𝜑𝑟
𝑑  𝜆 𝜆 , 𝑢 ▤ =  ▤ ▤ ,   𝜑𝑟

𝑑 ▤ 𝑢 , 𝜆 𝜆 =  ▤ ▤ ,   

𝜑𝑟
𝑑  𝑢 𝑣 , 𝜆 𝜆 =  ▤ ▤ , 𝜑𝑟

𝑑  𝑢 ▤ , 𝜆 𝜆 =  ▤ ▤ ,   

𝜑𝑟
𝑑  ▤ 𝛼 , ▤ 𝛽 =  ▤ ▢ ,  𝜑𝑟

𝑑 𝛼 𝛽 , 𝑢  𝑣 =  ▢▢ ,  

𝜑𝑟
𝑑  𝛼 ▤ , 𝛽 ▤ =  ▢ ▤ , 𝜑𝑟

𝑑 ▤ 𝛼 , ▤ 𝛼 =  
▤ ▢
▤ ▢

 ,  
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𝜑𝑟
𝑑  𝛼 𝛽 , 𝛼 𝛽 =  

▢ ▢
▢ ▢

 , 𝜑𝑟
𝑑  𝛼 ▤ , 𝛼 ▤ =  

▢ ▤
▢ ▤

 . 

𝜑𝑐
𝑑  
𝜆
𝜆

 ,
▤
𝑢
 =  

▤
▤
 , 𝜑𝑐

𝑑  
𝜆
𝜆

 ,
𝑢
𝑣
 =  

▤
▤
  , 𝜑𝑐

𝑑  
𝜆
𝜆

 ,
𝑢
▤
 =  

▤
▤
  ,  

𝜑𝑐
𝑑  

▤
𝑢

 ,
𝜆
𝜆
 =  

▤
▤
 , 𝜑𝑐

𝑑  
𝑢
𝑣

 ,
𝜆
𝜆
 =  

▤
▤
 , 𝜑𝑐

𝑑  
𝑢
▤

 ,
𝜆
𝜆
 =  

▤
▤
 . 

The working rule is as follows:  

Starting with the axiom set, first the column 

insertion rules are applied for the horizontal growth 

of the picture and then vertical picture growth is 

achieved by the insertion of rows with ▢’s at the 

middle so as to preserve the palindromic structure.  

Now two possibilities arise: either the picture with 

terminal symbols can be obtained by applying 

deletion rules or further growth can be achieved by 

continuing with insertion rules maintaining 

palindromic structure. 

𝑀 →
▤ ▤
▤ ①⇒𝑖

𝑐𝑜𝑙 ▤ ▤ ▤
▤ ① ②⇒𝑖

𝑐𝑜𝑙 ▤ ▤ ▤ ▤
▤ ① ② ②⇒𝑖

𝑐𝑜𝑙 ▤ ▤ ▤ ▤ ▤
▤ ① ② ② ▤ ⇒𝑖

𝑟𝑜𝑤  

▤ ▤ ▤ ▤ ▤
▤ ① ② ② ▤
▤ ▢ ▢ ▢ ▤
▤ ▢ ▢ ▢ ▤
▤ ① ② ② ▤
▤ ▤ ▤ ▤ ▤

⇒𝑖
𝑟𝑜𝑤

▤ ▤ ▤ ▤ ▤
▤ ① ② ② ▤
▤ ▢ ▢ ▢ ▤
▤ ② ① ② ▤

▤ ② ① ② ▤
▤ ▢ ▢ ▢ ▤
▤ ① ② ② ▤
▤ ▤ ▤ ▤ ▤

⇒𝑖
𝑟𝑜𝑤

▤ ▤ ▤ ▤ ▤
▤ ① ② ② ▤
▤ ▢ ▢ ▢ ▤
▤ ② ① ② ▤
▤ ▢ ▢ ▢ ▤
▤ ▢ ▢ ▢ ▤
▤ ② ① ② ▤
▤ ▢ ▢ ▢ ▤
▤ ① ② ② ▤
▤ ▤ ▤ ▤ ▤

⇒𝑑
𝑟𝑜𝑤  

▤ ▤ ▤ ▤ ▤
▤ ① ② ② ▤

▤ ② ① ② ▤
▤ ▢ ▢ ▢ ▤
▤ ▢ ▢ ▢ ▤
▤ ② ① ② ▤
▤ ▢ ▢ ▢ ▤
▤ ① ② ② ▤
▤ ▤ ▤ ▤ ▤

⇒𝑑
𝑟𝑜𝑤

▤ ▤ ▤ ▤ ▤
▤ ① ② ② ▤

▤ ② ① ② ▤
▤ ▢ ▢ ▢ ▤
▤ ▢ ▢ ▢ ▤
▤ ② ① ② ▤

▤ ① ② ② ▤
▤ ▤ ▤ ▤ ▤

⇒𝑑
𝑟𝑜𝑤

▤ ▤ ▤ ▤ ▤
▤ ① ② ② ▤

▤ ② ① ② ▤

▤ ② ① ② ▤

▤ ① ② ② ▤
▤ ▤ ▤ ▤ ▤

⇒𝑑  

① ② ②

② ① ②

② ① ②

① ② ②

 . 

Theorem 2.𝓛 𝑷𝑪𝑨𝑰𝑫𝑮 ∩ 𝓛 𝑹𝑻𝑮 ≠ ∅. 

𝑃𝑟𝑜𝑜𝑓. The language 𝐿2 consisting of pictures with perpendicular ②′𝑠 (not along borders) in the 

background of ①’𝑠 i.e., 
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𝐿2 =

 
 
 

 
 
① ② ①

② ② ②

① ② ①

 ,

① ② ① ①

① ② ① ①

② ② ② ②

① ② ① ①

 ,

① ① ② ① ①

① ① ② ① ①

② ② ② ② ②

① ① ② ① ①

① ① ② ① ①

   , …

 
 
 

 
 

is proved to be in ℒ 𝑅𝑇𝐺  [4]. 

We now construct a PCAIDG grammar G to generate 𝐿2. 

Let 𝐺 =  𝑉, 𝑇,𝑀, 𝐶, 𝑅, 𝜑𝑟
𝑖 , 𝜑𝑐

𝑖 , 𝜑𝑟
𝑑 , 𝜑𝑐

𝑑  with 𝑉 = 𝑇 ∪  ▤, ▢, ▣ , 𝑇 =  ①,② . 

𝑀 =   
▤ ▤ ▤ ▤
▤ ① ▢ ▤  , 𝐶 =   

▤
① ,  

▤
②  ,  

▤
▢
 ,  

▤
▤
  . 

We define column insertion mappings as follows: 

𝜑𝑐
𝑖  

▤
① ,

▤
▢
 =  

▤
① ,

▤
②  , 𝜑𝑐

𝑖  
▤ ▤
② ▢ ,

▤
▤
 =  

▤
① ,  𝜑𝑐

𝑖  
▤
① ,

▤
▤
 =  

▤
① . 

 

We now define row insertion mappings as follows: 

𝜙𝑟
𝑖  
▤ ▤
▤ ① , 𝜆 𝜆 =  

▤ ▣
▤ ▤

  , 𝜙𝑟
𝑖  

▤ ▤
① ① , 𝜆 𝜆 =  

▣ ▣
▤ ▤

 , 𝜙𝑟
𝑖  

▤ ▤
① ② , 𝜆 𝜆 =  

▣ ▣
▤ ▤

  ,

𝜙𝑟
𝑖  

▤ ▤
② ① , 𝜆 𝜆 =  

▣ ▣
▤ ▤

 , 

𝜙𝑟
𝑖  

▤ ▤
① ▤ , 𝜆 𝜆 =  

▣ ▤
▤ ▤

  ,𝜙𝑟
𝑖  ▤ ① , ▤ ▣ =  ▤ ① , ▤ ②  

𝜙𝑟
𝑖  ① ① , 𝑍 𝑍 =  ① ① , ② ② , 

𝜙𝑟
𝑖  ① ② , ▣ ▣ =  ① ② , ② ② , 

𝜙𝑟
𝑖  ② ① , ▣ ▣ =  ② ① , ② ② , 

𝜙𝑟
𝑖  ① ▤ , ▣ ▤ =  ① ▤ , ② ▤  

𝜙𝑟
𝑖  
▤ ①

▤ ②
▤ ▣

 , ▤ ▤ =  ▤ ① , 𝜙𝑟
𝑖  
① ①

② ②
▣ ▣

 , ▤ ▤ =  ① ① , 

𝜙𝑟
𝑖  
① ▤

② ▤
▣ ▤

 , ▤ ▤ =  ① ▤ , 𝜙𝑟
𝑖  
① ②

② ②
▣ ▣

 , ▤ ▤ =  ① ② , 

𝜙𝑟
𝑖  
② ①

② ②
▣ ▣

 , ▤ ▤ =  ② ① ,𝜙𝑟
𝑖  
▤ ①

▤ ①
 , ▤ ▤ =  ▤ ① , 𝜙𝑟

𝑖  
① ①

① ①
, ▤ ▤ =  ① ① , 

𝜙𝑟
𝑖  
① ▤

① ▤
 , ▤ ▤ =  ① ▤ ,  
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𝜙𝑟
𝑖  
① ②

① ①
 , ▤ ▤ =  ① ② , 𝜙𝑟

𝑖  
② ①

① ①
 , ▤ ▤ =  ② ① . 

We now define the deletion mappings as follows: 

𝜑𝑟
𝑑  ▤ ① , ▤ ② =  ▤ ▣  , 𝜑𝑟

𝑑 ① ② , ② ② =  ▣ ▣ , 

𝜑𝑟
𝑑  ② ① , ② ② =  ▣ ▣ ,  𝜑𝑟

𝑑  ① ① , ② ② =  ▣ ▣ , 

𝜑𝑟
𝑑  𝑥 ▤ , ② ▤ =  ▣ ▤  , 𝜑𝑟

𝑑  ① ② , ▤ ▤ =  ▤ ▤ , 

𝜑𝑟
𝑑  ② ① , ▤ ▤ =  ▤ ▤  , 𝜑𝑟

𝑑 ① ① , ▤ ▤ =  ▤ ▤ , 

𝜑𝑟
𝑑  𝜆 𝜆 , ① ② =  ▤ ▤  , 𝜑𝑟

𝑑 𝜆 𝜆 , ② ① =  ▤ ▤ , 

𝜑𝑟
𝑑  𝜆 𝜆 , ① ① =  ▤ ▤  , 𝜑𝑟

𝑑 𝜆 𝜆 , ① ▤ =  ▤ ▤ , 

𝜑𝑟
𝑑  ① ② , 𝜆 𝜆 =  ▤ ▤  , 𝜑𝑟

𝑑 ② ① , 𝜆 𝜆 =  ▤ ▤ , 

𝜑𝑟
𝑑  ① ① , 𝜆 𝜆 =  ▤ ▤  ,  𝜑𝑟

𝑑 ① ▤ , 𝜆 𝜆 =  ① ▤ , 

𝜑𝑟
𝑑  ▤ ② , ▤ ① =  ▤ ▣  , 𝜑𝑟

𝑑 ② ② , ① ① =  ▣ ▣ , 

𝜑𝑟
𝑑  ② ▤ , ① ▤ =  ▣ ▤ . 

𝜑𝑐
𝑑  
𝜆
𝜆

,
▤
① =  

▤
▤
  , 𝜑𝑐

𝑑  
𝜆
𝜆

,
①

①
 =  

▤
▤
  , 𝜑𝑐

𝑑  
𝜆
𝜆

,
①

②
 =  

▤
▤
 ,  

𝜑𝑐
𝑑  
𝜆
𝜆

,
②

①
 =  

▤
▤
 , 𝜑𝑐

𝑑  
𝜆
𝜆

, ①
▤
 =  

▤
▤
  , 𝜑𝑐

𝑑  
▤
①

,
𝜆
𝜆
 =  

▤
▤
 , 

𝜑𝑐
𝑑  
①

②
,

𝜆
𝜆
 =  

▤
▤
  , 𝜑𝑐

𝑑  
②

①
,

𝜆
𝜆
 =  

▤
▤
  , 𝜑𝑐

𝑑  ①
▤

,
𝜆
𝜆
 =  

▤
▤
 . 

A sample computation to generate the following picture 

① ① ② ①

① ① ② ①

② ② ② ②

① ① ② ①

 

is given below: 

𝑀 →
▤ ▤ ▤ ▤
▤ ① ▢ ▤ ⇒𝑖

𝑐𝑜𝑙 ▤ ▤ ▤ ▤ ▤ ▤
▤ ① ① ② ▢ ▤ ⇒𝑖

𝑐𝑜𝑙  

▤ ▤ ▤ ▤ ▤ ▤ ▤
▤ ① ① ② ▢ ① ▤ ⇒𝑑

𝑐𝑜𝑙 ▤ ▤ ▤ ▤ ▤ ▤
▤ ① ① ② ① ▤ ⇒𝑖

𝑟𝑜𝑤  
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▤ ▤ ▤ ▤ ▤ ▤
▤ ① ① ② ① ▤
▤ ▣ ▣ ▣ ▣ ▤
▤ ▤ ▤ ▤ ▤ ▤

⇒𝑖
𝑟𝑜𝑤

▤ ▤ ▤ ▤ ▤ ▤
▤ ① ① ② ① ▤

▤ ① ① ② ① ▤
▤ ▣ ▣ ▣ ▣ ▤
▤ ▤ ▤ ▤ ▤ ▤

⇒𝑖
𝑟𝑜𝑤  

▤ ▤ ▤ ▤ ▤ ▤
▤ ① ① ② ① ▤

▤ ① ① ② ① ▤

▤ ② ② ② ② ▤
▤ ▣ ▣ ▣ ▣ ▤
▤ ▤ ▤ ▤ ▤ ▤

⇒𝑖
𝑟𝑜𝑤

▤ ▤ ▤ ▤ ▤ ▤
▤ ① ① ② ① ▤

▤ ① ① ② ① ▤

▤ ② ② ② ② ▤
▤ ▣ ▣ ▣ ▣ ▤
▤ ① ① ② ① ▤
▤ ▤ ▤ ▤ ▤ ▤

⇒𝑑
𝑟𝑜𝑤  

▤ ▤ ▤ ▤ ▤ ▤
▤ ① ① ② ① ▤

▤ ① ① ② ① ▤

▤ ② ② ② ② ▤

▤ ① ① ② ① ▤
▤ ▤ ▤ ▤ ▤ ▤

⇒𝑑

① ① ② ①

① ① ② ①

② ② ② ②

① ① ② ①

 . 

Working description is as follows: 

Beginning with axiom set picture, column insertion 

rules are applied so as to expand the picture 

horizontally by inserting appropriate columns at the 

appropriate positions.  After horizontal expansion, 

the nonterminal column involving ▢’s is to be 

deleted using suitable deletion rules and then row 

insertion rules are applied suitably at apposite 

position so as to expand the picture vertically and 

then the rows involving the non-terminal ▣ is to be 

removed using row deletion rules and finally the 

border symbol ▤ is to be deleted using both row and 

column deletion rules to get the required picture. 

CONCLUSION 

In this paper we have shown the non-empty 

intersection of L(PCAIDG) with L(TRG) and 

L(RTG).  There is scope for further research in the 

direction of proving L(PCAIDG) properly includes 

L(TRG) since languages generated by tile rewriting 

grammars are of context free type.  Moreover, we 

try to establish a hierarchy, like the Chomsky 

hierarchy for string grammars, for two-dimensional 

grammars generating picture language. 
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