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- - - a r "’ - - a r A
In this article we introduce the concepts of ~ "7 X8.5) _continuous mappings, ~ 7 A8 .
homeomorphism and study some of their basic properties

o, O g o, , . .
Keywords; ~ 7 -open set, ~##) _open set ~ 7)FF) _continuous mappings,

A, nip .
(7 NB.F) - homeomorphism

. INTRODUCTION

Njastad [7], Kasahara [4,5], Ogata [8,9] and
Kalaivani, SaiSundara Krishnan[1,2,3] introduced
respectively the @-open sets, operation on

topological spaces, and % (77)_open  sets.
Bioperations-this concept was introduced by Maki
&Noiri  [6], Umehara, Maki&Noiri[10] and
Umehara[11].

In this paper, the concept of %388 -continuous
mappings have been introduced and its properties

are studied. Further the %07).5) -homeomorphism
has been introduced and properties are discussed.

. : Q.
The following notations are used: ~ ) -open set

! T
denotes the @ -(7,7 )-open set , “ denotes

Ta*(%y’)

X

- the collection of all o) -open sets,
e - the topological space (X'T), Yow . the

topological space (Y.7) , Ope se - open set ,clo se -

closed set, ss-subset, Co -continuous, M

CoMa

@ -mapping,
-continuous mapping.
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Il. PRELIMINARIES

Definition 2.1. A set G S X s said to be an

’ . . T . T
“7)-opese if and only if G< "% -int( %» -l

o -int(G))).

Theorem 2.1. Every 7 -ope se in Ko js an

[24 ’
) -ope se. However the converse need not be
true.

T . ,
Let “c» be the family of “07)-

. X, U Aa . oA,
opeses in " Then<<? s alsoan ) -ope se.

Theorem 2.2.

Remark 2.1.1f U, V are any two “*)-opeses in
X0 then the following example shows that U N
V' need not be an “*) -ope se.

Remark 2.2. The concepts of & -ope se and “¢*) -
ope se are independent.

Remark 2.3, If X jsa (17) -reg spa, then the

. Ol r . .
idea of “7)-opes e and @ -ope se coincide.
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I Xioay o -
Definition 2.2.A subset M of " js said to be an

, e X . , :
) -clo se iff “oP — M jsan ) -ope se , which
is equivalently M is an“v) -clo se if and only if M

2 Ta(w') -Cl (Ta(w') _int( Ta(w') -Cl (M )))

T
Ayy) -

Definition 2.3. (i) Let P < " Then
interior of P is the union of all “*)-opeses
contained in P, denoted byT"‘W') -int (P). That is
given as "“v -int (P) =U {S: S isan %o - ope

seand S < P}

Remark 2.4.Let C< *rs
holds good:

. Then the following

(i) Fau -int (C) is the largest ““)-ope se
contained in C .

(ii) Cis an “v*)-opese if an on if ““v» -int (C) =
C

(i) ““o -int ("o -int (C)) = ““0» -int (C)
Theorem 2.3.Let E, F < X Then:
(i) If ES F then ““v» -int (E) € ““» -int (F )

(i) "o -int (E) U on int (F) € Taon -int (E
U F)

Definition 2.4.Let Q < X“’Sp. Then Fag - closure

of Q is the intersection of all “¢*) -closescontaining
Q  denoted by ‘v -cl (2 ). Thatis ““» -cl (Q)

a,,
=N {H : H jsan “¢")-closeand RS H}

Remark 2.5. Let Xtosp be a TS and 77 are

operations on 7. Then

. T . , ..
(i) The ““v» -cl (P)is an %) —clo se containing P
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.. . : . . T
(ii) P is an ") -close if an on if ““v» -cl (P)=P.

Theorem 2.5.Let A :@<3} be the family of “)

UA

. X ) '
-opeses in “P Then @< s also an “¢*) -ope

sein Xtosp

e ey . . o, ,
Definition 2.5.A Ma is said to be an “U»8) -
_ . , Y,
CoMa if an on if for every “#5) -ope se, M of "o
.. -1 . , . X
the invima fma (M )isan %) -opesein " .

—Y,

Theorem 2.6. A Ma fiva * Xtosp = Yeosp is an %06

_C,M

a if an on if for each point e in X and each

%55 -neighbourhood D of fma (e), there is an %)
-neigh E of bsuchthat fma (E)S D

Theorem 2.6. Let fma be a Ma. Then the following
statements are equivalent:

(l) fma :XIOSP _)YtOSP is an a(%;")(ﬁﬁ') - CM, X

(ii) fra (Ta(,,yr) cl(E)<S Cas -cl( fna (E)) holds

Xtosp .
b

for every subset E of

- r _1 H
(iii) For every “®#) close, F of Yo | (F)is

o, X
an ") —closein " |

Xioey - , .
Theorem 2.7. A space "™ isan “¢") -spa if an
. X . , ,
on if for each d € o {9}js %) clo se or %)

. X
-ope se in "

111, %068 .CONTINUOUS MAPPINGS

Definition 3.1. A Ma fma “Xwow Y s said to be an

(04 ’ ' . . .
8 -CoMa if an on if for any every ) - ope
Y, . -1 . ,
se Yosof '@ the invima fma (Yes) is an ) - ope

sein Xiosp )
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Yo ..
0 js said to be an

... f:X
Definition 3.2. A Ma fma % =
. . -1 . ’
6.0 - irresolute if fma (Yos) is an ) - ope se
. X , _
in "o for every X7 - ope se in Yiosp )

Example 3.1.Let Xiosp ={a,b,C} |

r={¢,X,{a}.{c}.{a,b}.{a.c}} Yo, =fab.c}
o={¢,Y {a}{b}{a.b}{a.c}}

The operation”*”" on 7 is defined as A"= A U{a}
, :{ Aif A={a}
and AUC)if A=ta) g0 every Ael

BB on o s

Aﬂ’—{ Aif be A
d ClANITDEA for ayery A

The operation defined as

5 | Aif bgA
B cl(A)if be A

e 0

We define fma as fma (@ =1, fma( b)=2and fina
(c) = 3. Then the invima of each “(*#)-ope se is an

(04 r - (94 r ,
) - ope se under 'ma. Hence fma isan 0. .
CoMa

The following Remarks 3.1 and 3.2 shows that the

A B.8) - CoMagngd (. 7).(8.8)) .

concept of

M

. : Xioen -
irresolute ™'a are independent but when "% s a

(7 reg spa and Yosn g 4 (8.8 -reg spa both the
concepts coincide.

Remark 3.1.The concepts of “075#) -CoMa gng
@ 7).(B.B) _irresolute Ma are independent.
Let Xiosp =f{a,b,c} 1 Yiosp =1L 2, 3}1
T ={¢! XtOSp ,{a},{b},{C},{a, b},{a, C}}
and
o={4, Ytosp G CHAL 2 {13} ]
The operation”*”" on 7 is defined as A'= A U{a}

, _{ Aif A={a}
and AULC)f A=ta) ¢ every Ael
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BB on o s

A _{ Aif be A
d Cl(A)If beg A fOI’ every A

The operation defined as

8 _{ Aif be A
cl(A)ifbe A )

e 0

We define fma as fma @ =1, fmal(b):2 and fma
() = 3. Then Fna IS a
@) B.AY) - CMa_ gyt fra@ 2 ={ab}js not an

f f

o .
) -ope set under 'ma, Hence 'ma is not an

% B8 - CoMa

Remark 3.2. If Xo»is a(7). reg spa and Yoo js g
(8.5) . reg spa then the concept of (7). (B.5))

. Ol » , . . . .
irresoluteness and ~(44) -continuity coincide.

Definition 3.3. A ssPs of “© s said to be an

N : Xigey .
“7) -neigh of a point ¢ € " if there exists an

% - ope set Yossuch that ce Yos = s

Theorem 3.1. A M, fma * Xtosp = Yeosp isan “oBB) -
C,M, ; : : Xiosp .
o™a if an on if for each c in , the inv of every

.5 -neigh of fma (c) isan “v) -neigh of c.

Ko and Bt pe an %) - neigh

Proof. Letce
of fma (c). By Definition 3.2, the exi a Ve € “em)
suctha fra (c)€ Veie < Breion  This imp tha ce fme (
Vee) S fra (Bneigh). Since fma is an %owBs -
CoMa g (Vye ™ . Hence fra (Bneigh) is an

“r7) -neigh of c.

-1
Con\/erse|y’ let Bate € Pt , Ae = fna (Bele) and ce

Ave . Hence by Definition 3.3 the exian " € o

U A
suctha c€ & S Ave . This imp thave =c<A. By
Theorem 2.2 A is an®’).ope set in Xiosp

Therefore fma is an @78 -CoMa
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fra

Theorem 3.2. A Ma Xiosp = Yiosp j is an %088 -

CoMa

if an on if for each point ¢ in o and each

%p.5 ngigh reish of fma (), there is an %) -neigh
Aneigh Of C SUCtha fma (Aheigh ) c Bneigh ]

X B , .
Proof. Letc € " and “™i" pe an 44 - neigh of

O1©) € Tus gyctha fma (c)

e Ot = Breion ¢ foltha ce fra (C1©@) S Tma ( Breion

Fna (c). Then the exi an

). By hypothesis, frma (Of(C)) < "o | Let M =

-1 : , .
fma (Brein) Then it foltha e is an “¢") -neigh of ¢

and fma ('Able) = fa (fn:; ( Bneigh )) C B

neigh )
o -1
Conversely, let Yete € “avn  Take Wete = f (Uele).

Let c€Wele, Then fma (c) € Yee. Thus Yee is an
“p.5) - neigh of Tma (c) and hence the exi an %) -
neigh Veof ¢ suctha fma (Vo)< Yee . Thus it foltha c
eVe C fra ( f Vo) S fra (Yere) = Weie | Since Veis
an %) -neigh of ¢, which imp tha the exi a Ve e

T U w,
“ suctha ¢ € We & Wele | This imp thaVele = ceWa

. By Theorem 2.2, Wete js an

Thus fma isan %6 -

“7)-ope setin Xiosp
CoMa

fog i X Y,
Theorem 3.3. Let ™ "o~ Top he g Ma Then the
statements described below are comparable:
(|) fma :XIOSP _>Yt05p is an QBB CoMa

(i) fra (%,m -l (A) )g%ﬂ,ﬁ') <l (fra (As )

holds for every ss s of Xt |

: Y, -1 :
(iii) For every “##) - clo set Voise of "o fna (Voie ) s

an %) clo se in s

-cl (P+e)) and

a(ﬂﬁ')-ope se containing d. Using

Proof. ()= (ii) Let d& fma("n
Vorse pe any

. . X ,
Theorem 3.2, the exi a point c€ " and an A -

Published by: The Mattingley Publishing Co., Inc
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ope set Yorse suctha ce Yore with  fma (c) =dand

Fina (U°pse)g Vorse  ince ce "o (A\ele), we have
Uele ﬂ Ae # ¢ and hence¢ Z# fra (Uele ﬂ 'Able)g

fma (Uele)ﬂ fma ( '%Ie)gvele ﬂ fma (Aele). This |mp
tha d € “wm ¢l (fma (M) Theref fma ("o ¢l (
Ae)) S Tl (fma (Aoe)),

%0 - clo set in Yo,

(i) = (iii) Let Ve be an
Then . -l (Vele) = Vele, By (ji) ma (Taw) - ol (
fra (Vo)) S % el (T (Fra (Vo)) S T
cl (Vele) = Ve holds. Therefore fa gl (fma (Vele))

< fra (Vele) and fra (Vo) = "0 ¢l (fma( bl )).

- . , X
Hence | (Vete) is an ") clo set in "t
iii)= (i) LetBee be any “¥#) -ope set in o,
y
Consider Vee = Yoo _ Bae Then Ve is %5 - clo

setin "= By (iii) fma (Vel) is an %) -clo set in
Xtosp . Hence frr?a1 (Bele ) = xtOSP_ Bele) =

X
Hence

ot (Yo

-1
o Tma (Vere) s an 07 -ope set in Kiosp

fna is an @068 - CoMy

fma * Xosp = Yiosp Xy )BB) -
Theorem 3.4. Let be an

C tOSP is an Appy_ T,

X

o and |nject|ve f spa (

resp. “) - T1spa) , then "t js “0)- T2 gpa

(resp. %) - Tispa).

Proof. Suppose Yiosp jg an %000 - T spa. Letgand h
be two distinct points of Xosp Then, the exi two
%5 -ope sets o and " suctha fme (g) € Fome
fia (h) < Foe and Sore N

CoMa

opse = ¢ . Since fma is an

(04 ’ ’ .
7 BB - , the exi two

for opse and opse
Wopse and Wopse and h
F

opse’ ma( opse) c Eopse and fma (Sopse) C Topse

Ay

S
€

ope sets °Psesuctha ge

imp tha vose N Somse =¢  Hence Xt js an %) -T2
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- Xioen -
spa. In a similar way we can prove that ~'™ is an
a., ., Y, . gz

) -Ti spa whenever " jsan %@/ -Tr gpa,
fra X

ma - “Mosp —Y,

3.5. Let e and

0P he two Masl If fma is an Ao )BB) _

Theorem
Oma :Ytosp —Z

CoM, and Oma is an Ap 5.5 . CoMy , then

Oma © fna Xtosp - Ztosp is an Ay .y)8.8) _CoMy .
Proof.Proof follows from the Definition 3.1.

Definition 3.4. Let Asbe a subset of < and p be

X : N v
any point in " Then p is called an “¢”) -limit

point of As if Yopse () (ASS—{p} )* ¢ for any
%) _ope set "% containing p. The set of all %¢?)

-limit points of "s is called an “*) -derived set of

d
As and is denoted by “¢7) (As),

Remark 3.3. LetAs | Bsare any two subsets of
. Then,

d d
(i) if As S BSS, then %) (Ass)g ) (Bss)

d
(“) pe “0 (ASS) if and only if peE Yoy ) -cl (Ass
—{p})_

Proof: Follows from the Definition 3.4.

Theorem 3.6. Let Asand Bsare any two subsets of

X Then the following statements hold good.

(i) As U Yot (As)E T ¢l (As)

(i) 0 (A UBay = 0 (AU o (B
(iii)Ui d“W') (A(SS)i) :d“(w’) (Ui (A(ss)i))

() o (o (e (A

d d
(V) Fa ) -cl ( ) (Ass )) = A7) (Ass)

Published by: The Mattingley Publishing Co., Inc.
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d
Proof.(i)Suppose that e€ As U ) (As), then to
prove that e€ faen g (A%s). If e€ As thene € "

-cl (As). If e  As | then to prove that e€ fae gl (
C

clse

As).Suppose not , if there is an %)~ clo se

containing As pbut not containing e. Then e«€ Xiosp _

Case | which is an ") -ope se and o= N As = ¢

d
This implies that e “¢*) (As). This contradiction

d
proves that e€ Fa) -cl( Ass ). Hence A U )

(As)S P - gl (As),

d
(i) Let ee “0) (As UBs) By the Definition 3.4,

) - U opse

we obtain that ¢ # Yome N( (As U By e}
N (As—{8YU (Bs_te} y Yo N (As_{8I YU [
d

Yopse N (B _ ¢} )] and hence either e “0) (As)
d d

or  “w) (Bs)Therefore ‘07 (AsUBsy <

d d d

“wr) (AU 4 (Bs). The result  “0) (As)U

d d

o (Bsy < 00 (A UBs) follows by the

Remark 3.3(i).

(iii) Proof follows from the Remark 3.3 and (ii)

d
(iv) Suppose that, e “¢) (As). Thene & " -

cl (Ass— {e}). This imp tha the exi an “0)- ope se

Uopse SUCtha Y= Uopse and Uopse ﬂ (Ass _{e} ) — ¢ “We

have to prove that efd”’(%” (d“<7'7'> (As)).
Suppose on the contrarythateed”’w') (d“W') (As
)). Then e€ v ¢l (d‘”<w'> (As) - 18, since ec
Uore e have orse (d“(w') (Ay_ {8y =90
Therefore there is a q #e suctha g & Yorse (
“ (Asy). This imp tha qe (Ve e} )N ¢

Bty (As) —18 ). Hence (Vo= —18 ) N (d“(m')

13263
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(A%s) _te) ))* ¢ , a contradiction to the fact that
d
Ugpse ( 7" (Ass) _{e} ) :¢ . This imptha e &
d d d d
“wa (%0 (As)) and hence Y0 (o) (As
d
NE ) (Ass)_
(v) This follows from the Definition 3.4.

—Y,

wspjg gn Fo BB -

Theorem 3.7.A Ma fmaXuwos
d
CoMaif an on if fina ( A7) (ASS ) S Oy el ( (Ass

), forall As S Xiosp

Proof. Let Trma * Xiosp = Yiosp be an %06 - CoMa

d
Let As S X“’Sp, and e€ “0) (As). Assume that
fma (e) # fima (As) and let Vieigh denote an %) -
neigh of fma (e). Since fma js an %) - CoMa

by Theorem 3.2 , the exi an “v”) - neigh Uneigh of ¢

such that fma (U”eigh)g Vieih From ee d“(y,y') (As),
it foltha "™ (1 As # @ The exi at least an element
ac i U N As imp tha fma (a)e fme (As) and
fra (a)e Vreion  Since fme ()€ fma (As), we have
fra (a)# fma (e). Thus every “##)- neigh of fma
(e) contains an element Fna (@ of Fna (A%s)

d
different from fma (e). Hence , 'ma (e)e “¥/) (

d
fma (As)). Using Theorem 3.6 (i) fma ( “0) (A
) S el (fra (As)),

Conversely, suppose that fma is not an %074
CoMa  Then by Theorem 3.2 , the exi e€ X9 and
an % - neigh Ve of Tma () suctha every “)-
neighUneigh of e contains at least one element a€
Uneig , for which fma (a)ﬁv”e‘gh. Let A ={ac Xiosp
fina (a)fv"eigh}. Since fma (e)ev"eigh, therefore e £
A and hence fma () € fma (A1), Since fma (An)m

Published by: The Mattingley Publishing Co., Inc.
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V

d
(Vreion _ Tra (e)) =# | therefore fma (e)2 “¥) (

fra (A1), It foltha fma ()€ fma (d“(ﬂ,ﬁ') (M) —(
fra (A U d“(/f',ﬁ') (fra (A)))#= 2 | which is a

f

contradiction to the given condition. Hence 'mais an

%y p.8) - CoMa

frg i X

—Y,
tosp -~ 0P he an one-to-one

ma -

Theorem 3.8. Let

Ma, Then Tma is an %05 - CoMa if and only if
d d

fra (07 () S B (fma (Aue)), for all e

c Xtosp

d
Proof.Let Acte c Xtosp’ e€e “(r.7) (A\g|e) andvneigh be
an %5 neig of Tma (e). Since fmais an %7266

CoMa by Theorem 3.2, the exi an ¢ - neighUnEigh

of e suctha fma (U”Eigh) < Veeigh Byt e d“(r,y') (Aele)
gives the exi an element a € Uneign (1 Ave sycthaa # e,
fra (a) € fma (M) and since f
fra (a)# fma (e). Thus every %) -neigh Voeion o
fma (e) contains an element 'ma (a) of fma (%)
fra ()€

ma S One-to-one,

different from fma (e). Consequently
d“(/fﬁ') (fma (Ave)). Therefore fma(da(%i/') (Poe)) S
Yo (Tma (Pue)), for all Ave S %o

Converse part follows from the Theorem 3.7.

_>YIOSP is an Xy B.A) -

CO Ma

Definition 3.5.AMa fmaXuosp

homeomorphism, if is a bijective , “v» )54 -
and frr:; is an Ay )B.B) _ CoMa.

Remark 3.4 Every bijective, %0725 -Cogngd

6.0 -cloMais an %07 X88) -homeomorphism.

13264
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Theorem 3.9.Let ™ %o >Yow po an T
X E
homeomorphism. If “? jsan “»)- 2 -spa then

T

Yo js an %6 - 2 spa.

Proof. Let ®}pe a singleton se of Yos» Then the exi
Xop guch thatP=ma(@ By 2.7
Theorem, it folltha the singleton se®®} is either an

a point @ of

gz gz Yioen -
(4£) -ope se or an ~##) -clo se. Therefore P is an
Tl
Appy. 2 -spa.
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