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1.Introduction: Let M,(C) denote the space of
n Xn complex matrices. For Hermitian matrices
A,B € M,(C), we writte A>Btomean A—B >0,
particularly, A > 0 indicates that A is positive
semidefinite. Likewise, we write A > 0 to mean A
is positive definite. The absolute value of a matrix
A€ M,(C), denoted by |A]|, is defined as |A| =
VA*A . The eigenvalues of |A| is called the singular
values of 4, denoted by s;(A4),s,(4), ...,s,(4) and
arranged as s, (4) = s,(A) = --- = s,,(A). Note that
sj(A) = s;(A") = s;(|AD, for j=1,...,n. If Ais
Hermitian, we label its eigenvalues as 4,(A) =
A,(A) = - = 1,,(A). Interesting relations  for
eigenvalues of Hermitian matrices can be obtained
by Weyl's monotonicity principle, which says that if
A,B € M,(C) are Hermitian and A > B, then
A;(4) = A;(B).

The direct sum of A and B, denoted by A®B, is
defined to be the block diagonal matrix [g‘ g]

Bhatia and Kittaneh [3] introduced the arithmetic
geometric mean inequality for singular values as
follows: If A,B € M,,(C), then
2s;(AB*) < 5;(A"A+ B*B),

j=1.,n (1.2
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For positive semidefinite matrices 4, B € M,,(C),
Zhan [7], has proved

s;(A—B) < 5;(A®B),

j=1.,n (1.2)

Tao [6] proved that if A, B, C € M, (C) are such that
A B
[B* C] > 0, then

ZS](B) < S; [;* ?], ] =1,..,n (13)

Furthermore, Bhatia and Kittaneh [4] obtained that if
A,B € M, (C) are such that A is Hermitian, B > 0
and +A < B, then

si(A) <sj(B®B), j=1,..n, (1.4)
and
sj(AB* + BA") < 5;((AA* + BB )®(4AA" + BB*)), j=
1,..,n (1.5)
forany A,B € M,,(C).
12728



LIS

Engineering & Managemeant

An equivalent inequality of (1.1) was obtained by
Audeh and Kittaneh [1] says that if A, B,C € M,,(C)

are such that [; Bg] > 0, then

s;(B) < 5;(A®C), j=1,..,n. (1.6)
Recently, Buragan and Kittaneh [5] gave a new
singular value inequality for sums and direct sums of

matrices as follows:
A B
If A4,B,C,X,Y € M, (C) are such that [B* C] > 0,

then

sj(X"BY + Y*B*X)
< s;((XAX + Y CY)®(XAX
+Y°CY)), (1.7)

for j=1,..,n

In this research, we generalize inequality (1.1).
Other inequalities related to products and direct
sums of matrices are also given.

2. Main results:
To generalize inequality (1.1), we need the
following lemma that relates the eigenvalues of

0 Kj. . .
[K* 0] with the singular values of K.

Lemma 2.1 [2]: The Hermitian matrix [I? Ié]

where K € M,,(C) with rank r, has eigenvalues
s;(K), ..., s (K),0,...,0,—s,.(K), ..., —512((1{)5

Theorem 2.1: LetA,B,C,D € M,(C). Then

2s;(A"B@®C*D) < s;((AA" + BB )®(CC* + DD")),

j=1,..2n
A 0 B 0
_lo ¢ o »D
Proof. LetM = 00 0 o
0 0 0 O
0 0 AB 0
_|o 0 0 C*D
N_B*A 0 0 0
0 D*C O 0
Then
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AA* + BB* 0 0 0
. 0 CC*+DD* 0 0
MM = 0 0 0 ol
0 0 0 0
A*A 0 AB 0
. 0 ¢CC 0 C*D
MM B*A 0 BB 0
0 DC 0 DD
and
A*A 0 —A*B 0
ey | O c*C 0 —C*D
MM —2N = B*A 0 B*B 0
0 -D*C 0 D*D
A 0 -B O01[4 0 -B 0
_|0 ¢ 0 -D|J0 C 0 -D|
0 0 0 o0]fo o o o
o0 0 o olJlo o o o

Now by Weyl's monotonicity principle, we have
24;(N) < A;(M*M), j=1,..2n
The eigenvalues of M*M, and MM*, are

si((AA* + BB")®(CC* + DDY)),
By Lemma 2.1, the 2n eigenvalues of N are
si(A"B ©C"D), j=1,..2n
Therefore,
2s;(A"B®CD) < s;((AA" + BB)®(CC* + DD")),j
=1,..,2n

j=1,..2n.

This completes the proof.
By letting C = D = 0 in Theorem 2.1, we have
Bhatia and Kittaneh inequality (1.1).

In the following theorem, we establish another
version of the Theorem 1.1.

Theorem 2.2: LetA,B,C,D € M,,(C).Then
sj(A"B®C*D) <
si(JAI*®|BI*®ICI*®ID|?), j=1,..,2n.

A 0 B O
_{o ¢ 0 D
Proof. Let M = 00 0 0 and
0 0 0 O
0 0 AB 0
| o 0 0 C*D
N= B*A 0 0 0
0 DC O© 0
Then

12729



LIS

Engineering & Managemeant

A*'A 0 A'B O
0o ¢c¢c 0 «C'D

MM=1p4a 0 BB 0
0 DC 0 D*D
> 0. (2.1)
And
[ A*A 0 —-AB 0
Y c*C 0 —C*D
MM —2N = —B*A 0 B*B 0
0 -DC 0 D*D
A 0 —-B O071[A4A 0 -B 0
_|lo ¢c o -p||lo ¢ 0 -D
00 0 oo o o o
00 o olJlo o o o
> 0. (2.2)

From inequalities (2.1) and (2.2), we get
A'A 0 0 0
0 cc o 0
0 0 BB 0
0 0 0 DD

0 0 A'B
0 0 0
>+
~7|B*A O 0
0 DC O

By applying inequalities (1.4)), we get
5;((A"B&C*D)B(A"BOC D)")

< 5;((A"A®B*BOC* COD*D)B(A"ADB*BOC* COD"D)).

Thus,
5;((A"BOCD)D(A"BOC"D))

< 5;((A"A®B*BOC*COD*D)B(A*A®B*BOC*COD*D)),

which is equivalent to

s;(A*B®C*D) < 5;(A*A®B*BOC*C®D*D).

This completes the proof. m

A singular value inequality for products and direct
sums of matrices is established in the following

theorem.

Theorem 2.3: LetA,B,C,D € M,(C), Then

si(AB* + CD*) < 5;((AA* + CC)®(BB* +

DD"), j=12,..n
Proof: Forany A,B,C € M, (C), we have

5 olls ol =0

Thus,
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AA* +CC* AB*+CD*]>0
BA*+ DC* BB*+DD*l —

Now, using inequality (1.6), we get

si(AB* + CD*) < 5;((AA* + CC)®(BB* +

DD%), j=12,..n

This completes the proof. m

In Theorem 2.3, by letting C= B and D = A, we get
inequality (1.5),

si(AB* + BA*) < s;((AA* + BB*)®(AA* + BB")).
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