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Abstract: 

3D point clouds data obtained from scanning devices require a huge large storage 

and long post- processing time due to the number of points of the resulting point 

cloud.  To reduce the processing time of these point clouds and to use them in many 

computer science application, the simplification is a very important phase.  In our 

method, we build a graph from the given point cloud then we compute the 

similarity function using the Menger curvature. We define then a set of patches 

over the graph and we assign a degree for each vertex depending on its neighbors. 

We compute next the feature value of each vertex by projecting the point cloud 

onto different scale spaces and subtract the calculated degree at each scale. 

Furthermore, we remove iteratively the vertices based on an importance value 

calculated for each vertex based on the feature value of the vertex and its neighbors. 

Finally, we present the stability and robustness and of our approach on different 3D 

point clouds. 
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I. INTRODUCTION 

The recent advance in 3D digital scanning devices 

has been enabled 3D objects scanning as a practical 

reality [1] in the field of computer vision, scientific 

visualization, medical imaging and so on.  3D 

scanners produce meshes or point clouds. The last 

one consists of non-oriented and unorganized 3D 

points sets given by their x, y, z coordinates.  These 

3D points will be then post-processed to be finally 

converted into a mesh. One of these post-processing 

phases is the method of removing data redundancy 

from the 3D point clouds without affecting the initial 

shape [2] and known as 3D point cloud 

simplification. Algorithms for 3D point cloud 

simplification include the simplification based on 

curvature, clustering, iterative methods, and coarse-

to-fine. Lee et al.[3] presented a 3D point cloud 

simplification method using 3D grids. Miao et al.[4] 

proposed an approach based on curvature aware re-

sampling to simplify point clouds using the mean-

shift adaptive clustering scheme.  Moenning and 

Dodgson[5, 6] proposed  a coarse-to-fine uniform 

simplification method using the idea of  sampling of 

a point clouds surface by  progressive intrinsic 

farthest point. In[7], authors have proposed a new 

simplification  method  for unstructured point clouds 

based on feature extraction. Song et al.[8] proposed  

a clustering point cloud simplification approach by 

defining the subset of the original data set according 

to a specified reduction ratio for data. 

In this paper, we present a robust simplification 

method by defining a set of feature points and assign 

then an importance value for each point and remove 

iteratively least important points.. We firstly 

construct a weighted graph from the initial 3D point 

cloud. Next, we compute the similarity function 

between vertices based on Menger curvature. We 

compute then the degree of each vertex depending 

on its patch. Furthermore, we define a scaling space 

using a discrete convolution function. The feature 

value of each vertex is then calculated by subtracting 

vertices degrees calculated at different scales. 

Finally, we define an importance function for 

vertices to remove least important vertices 

recursively.   

The novelty in this paper is shown in some  key 

points. Firstly we construct a graph from the point 
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cloud  and we compute the similarity function 

between vertices using the robust Menger curvature 

to ensure that the shape information  is taken into 

consideration. Then, we compute a  multi-scale 

vertices descriptors map using a convolution 

function. This map is calculated based on discrete 

gradient and vertices patches to will ensure that this 

map will be invariant to scaling and noise. Finally, 

we remove least featured vertices iteratively to 

preserve the initial point cloud shape.    

The rest of this paper is organized as follow. 

Section 2 present the normal estimation and surface 

modeling. In section 3 we present our method. In 

section 4, we show the robustness of our approach 

by showing some results. Finally section 5 concludes 

our work. 

II. COMPRESSION METHOD 

A.  Graph construction and normal estimation 

We start our method by modelling the 3D point 

cloud by a weighted undirected graph G = (V, E, W) 

consisting of a finite set of vertices V, a finite set of 

edges E⊂ V × V, and a weight function: W: V X 

V [0, 1].   Consider a point cloud P as a set of 

points {p1,…,pn}. Each point pi will be associated to 

a graph vertex vi. Then, to define the set of vi’s 

neighbours 𝑫𝒏(vi), we define a circumscribed 

spheres  centred on pi with a radius r as S(vi, r)={pi / 

||pi – pj||2 ≤ r}. A vertex vj∊𝑫𝒏(vi) if pj∊ S(vi, r) as  

shown in figure 1. 

 

 
Figure 1 Set of neighbors for a given vertex 

 

 

The normal N(vi) of a vertex vi  and 2-directional 

vectors following x- and y-axes  are calculated as the 

eigenvalues of covariance matrixCov(vi) defined as 

[9]: 

 

𝐶𝑜𝑣(𝑣𝑖)=  (𝑣𝑗 − ῠ𝑖)(𝑣𝑗 − ῠ𝑖)𝑗 ∈𝐷𝑛 (𝑣𝑖)
T ∈ ℝ3x3   (1)         

 

Where ῠi represents the gravity center and defined 

as: 

ῠi = 
𝟏

𝐶𝑎𝑟𝑑 (𝐷𝑛  𝑣𝑖 ))
 𝑣𝑗𝒋∈𝐷𝑛 (𝑣𝑖)

 (2) 

 

The normal of the vertex will be used to find the 

deviation factor of the vertex that will be a factor in 

the weight function. 

 

B.  Similarityfunction 

In order to compute the similarity function 

between vertices(weight function), we propose to 

compute firstly the Menger curvature 

MC vi , vj , vk which is the multiplicative inverse of 

the radius of the circle that passes through the three 

vertices 𝑣𝑖 , 𝑣𝑗 ,  𝑎𝑛𝑑 𝑣𝑘 .  The Menger curvature can 

be seen as a theoretic formulation measure of 

curvature and mathematically related to the mean 

curvature. This curvature MC vi , vj , vk  is defined 

as: 

 

𝑀𝐶 𝑣𝑖 , 𝑣𝑗 , 𝑣𝑘  

=  
4 ∗ 𝐴 𝑣𝑖 , 𝑣𝑗 , 𝑣𝑘 

𝑑 𝑣𝑖 , 𝑣𝑗  ∗ 𝑑 𝑣𝑗 , 𝑣𝑘 ∗ 𝑑 𝑣𝑖 , 𝑣𝑘 
  (3) 

 

Then, the  Menger curvature at a vertex v 𝑀𝐶𝑃 𝑣   

is computed  as: 

 

𝑀𝐶𝑃 𝑣 =

  

𝑀𝐶 𝑣𝑖 , 𝑣𝑗 , 𝑣𝑘 

𝑤ℎ𝑒𝑟𝑒 𝑣𝑖 , 𝑣𝑗 , 𝑣𝑘  ∈  𝐷𝑛 𝑣  𝑎𝑛𝑑 𝑡ℎ𝑒 𝑓𝑢𝑟𝑡ℎ𝑒𝑠𝑡 𝑓𝑟𝑜𝑚 𝑣 

1                    𝑖𝑓  𝐷𝑛  𝑣  ≤ 1                                                                     

 

  (4) 

 

The precedent curvature measurement will be used 

to define a robust similarity measure between two 

vertices as: 

 

https://en.wikipedia.org/wiki/Radius


 

January-February 2020 

ISSN: 0193-4120 Page No. 12695 - 12700 

 

 

12697 Published by: The Mattingley Publishing Co., Inc. 

𝜔(𝑣𝑖 , 𝑣𝑗 ) =(α (𝑣𝑖 , 𝑣𝑗 )/(𝜎(𝑣𝑖) × 𝜎(𝑣𝑖))) × 𝒆
(−

1

𝑀𝐶𝑃 (𝑣𝑗 )
)
 (5) 

 

 

where  α (vi , vj) and σ vi represent respectively  the 

deviation factor between two vertices and the scale 

parameter and are defined as: 

 

∝(𝑣𝑖 , 𝑣𝑗 ) 

= 𝑎𝑟𝑐𝑜𝑠 ( 
 𝑁 𝑣𝑖 .𝑁 𝑣𝑗   

 ( 𝑁(𝑣𝑖) 𝑘 ∗𝑁(𝑣𝑖)(𝑘)) ∗  𝑁 𝑣𝑗   𝑚 ∗𝑁 𝑣𝑗   𝑚 3
𝑚=1

𝟑
𝒌=𝟏

) (6) 

 

 

 

𝜎 𝑣𝑖 = 𝒎𝒂𝒙
𝑣𝑘  ∈𝑫𝒏 𝑣𝑖 

(||𝑣𝑘  − 𝑣𝑖  ||𝟐 ) (7) 

 

This weight function ensures that the similarity 

measurement takes into consideration the shape 

information which lead to a robust weight function. 

C.  Patch construction 

To describe well the surface, we construct patches 

that represent sets of neighbouring vertices. These 

patches will be considered during the feature points 

detection. 

To do so, given a vertex vi , we construct a sphere 

around vi  

on its tangent plan as shown in figure 2. The patch 

radius is defined as 𝑅(vi) = 𝒎𝒂𝒙
𝑣𝑗∈𝐷𝒏(𝑣𝑖)

(||𝑣𝑗 − 𝑣𝑖 ||𝟐
𝟐).  

Then, we decompose the patch into cells with side 

length R(vi)/n, where n is a constant that depends on 

applications. Each cell of the patch is filled then by 

the average of  Menger curvature at a vertex 

𝑣𝑗  𝑀𝐶𝑃 𝑣𝑗  where the patch cell contains 𝑣𝑗 . 

 

 

 

Figure 1 Patch construction 

D.  Vertex descriptor  

To detect feature point, we define a scale space 

representation of mesh vertices using a convolution 

operation. Then, at each scale, we compute the 

discrete gradient of each vertex.  We define then a 

patch weight for each patch depending on the set of 

vertices belonging to it. The feature points are 

selected as the maxima of the scale space across all 

scales. 

The discrete gradient [10] of a vertex is defined as: 

 

(∇ f)(v)= 𝑤(𝑣, 𝑢)(𝑓 𝑣 − 𝑓(𝑢))𝑢 ∈ 𝐷𝑛(𝑣) , (8) 

 

 

Where f :V ->R assigns a value f(v) to each vertex. 

The feature degree of a given vertex v  deg(v) is then 

calculated based on the gradient and its patch weight 

pw(v). This patch weight is defined as: 

 

𝑝𝑤(𝑣)=
  𝛚(𝒗𝒊,𝒗𝒋) 𝑢  ∈|Vp |

|Vp |
, (9) 

 

 

Where  Vp  is the cardinality of the patch vertices 

Vp. 

 

Then, the degree of a vertex v is computed as: 

 

deg(v)  =   (∇ f)(v)/ 𝑝𝑤(𝑣) (10) 
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The convolution of scalar function f defined on the 

mesh with a kernel k is defined as: 

 

 𝑓 ∗ 𝑘 (𝑣) = 1/ |𝐷𝑛 𝑣 |  𝑘 ||𝑓 𝑣 − 𝑓 𝑢  || 𝑓(𝑢)𝑢 ∈ 𝐷𝑛(𝑣)

 (11) 

 

  The scale space is built by using the previously 

defined convolution operation as : 

 

𝑓0 = 𝑓, 𝑓
1 = 𝑓0 ∗  𝑘, 𝑓2 = 𝑓1 ∗  𝑘  (12) 

 

and k is the weight function. 

 

At each scale, we compute the degree of vertices 

using equation 9. Then for a given vertex, the 

degrees at all scales are subtracted to produce finally 

the vertex descriptor value DV(v).  This multi scale 

operation results a robust approach that deals with 

different translation factors and noise. 

Finally, the point cloud is compressed by using a 

threshold ɛ based on  vertices descriptor values and 

the remaining vertices will define the compressed 

point cloud. 

 

E.  Compression 

To compress the point cloud after assigning a 

description value for each vertex, we propose to 

iteratively remove the least important vertices until 

we reach the specified number. The importance of a 

given vertex is calculated as: 

 

𝐼(𝑣) = 1/|Vp| ||𝐷𝑉 𝑣 − 𝐷𝑉 𝑢 ||𝑢 ∈ 𝐷𝑛(𝑣)  (13) 

 

The precedent equation calculated geometrically the 

Euclidian distance from v to the tangent plane of u. 

Then, by using equation 13, we calculate all vertices 

importance values and we start by removing the least 

important vertex in each patch. After removing a 

vertex, some of this vertex neighbors will update 

their importance values. So, we update the 

importance values of vertices and we remove the 

new least importance vertex. We keep doing that 

operation until we obtain the desired vertices 

threshold ɛ  where 𝐼 𝑣 < ɛ  for any vertex v or no 

new vertex can be removed.  By doing this, we 

ensure that the set of vertices to be eliminated will 

not affect the final result shape as we remove only 

vertices with low importance values. 

III. EXPERIMENTAL RESULTS 

In this section, we present the efficiency  of our 

approach by testing it on many 3D point clouds. 

Figure 3 the result of many 3D point clouds with 

different threshold ɛ.  One can see that our method 

gives robust compressed  point clouds while 

preserving the shape. Table 1 presents the number of 

simplified point clouds with percentages of 

simplification rate. To show the robustness of our 

approach, we apply it on noisy models as shown in 

figure 4. The results in that figure prove that our 

approach deals with noise and can compress noisy 

data to simplify the point cloud and preservers the 

initial shape. 

 

 Original Simplified with 

ɛ =1 

Simplified with   

ɛ =0.5 

M1 

 

  

M2 
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M3 

 

 

 

M4 

   

M5 

 

  

M6 

  

 

M7 

 

 

 

 

Figure 3 Results of our method on different 3D point 

clouds with different threshold values 

 

 
Figure 4 Results of noisy models 

 

 

 

 

 Number of simplified points 

ɛ =1 ɛ =0.5 

M1 262909 190572 27.51% 15406 94.14% 

M2 62478 30552 51.10% 13731 78.02% 

M3 100658 49241 51.08% 33361 66.86% 

M4 83739 50013 40.28% 30867 63.14% 

M5 

 

107353 52414 
51.18% 

34331 
68.02% 

M6 73739 36118 51.02% 22548 69.42% 

M7 13703 10791 21.25% 7011 48.84% 

Table 1 Number of simplified points with 

percentages 

F.  Comparision with other methods 

In this subsection, we compare our proposed method 

with some other existing methods in literature.  In 

some cases where the simplification rate is very high 

some of sharp region points that conserve the 

characteristics of the surface shape will be removed 

in [10] resulting holes in the simplified 3D point 

clouds. In contrast, our method preserve the 

characteristics of the surface shape with a minimal 

configuration (Epsilon =0,𝑂𝑟𝑑𝑒𝑟 = 0 and Level =1) 

due to the technique we use where we maintain 

internal and boundary feature points.  In [11], authors 

mentioned that their proposed method works only 

with models whose shape is symmetrical or spherical 

and may produces holes in others. In contrast, figure 

3 and 4 shows that our method produce better results 

with models of different shapes (symmetric and no 

symmetric).  By comparing our method with [12], 
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our method is better in terms of geometric error. As 

for the bunny point cloud for example, the geometric 

error in our method is 0.000265 and in [12] is 

0.000473.  

 

IV. CONCLUSION 

We presented in this paper a robust approach to 

compress point clouds by using invariant features 

map. We modeled the point cloud by a weighted 

graph and we calculated the similarity function 

between vertices by using the deviation factor and 

Menger curvature. We constructed then patches in 

order to assign a feature degree for each vertex based 

on multi scale approach. We finally remove vertices 

having least values iteratively depending on a 

threshold. Finally, we proved the efficiency of our 

method throw presenting many experimental results 

with different forms. 
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