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Abstract: 

We attained few common fixed point theorems with application for two self maps 

on a complete metric space by using a concept of altering distances. These are the 

generalizations of the results of the Jose R.Morales and Edixon Rojas[3]. 
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1Introduction:  

In recent times Jose R.Morales and Edixon Rojas established the following some fixed point theorems by 

using altering distances function. 

 

Theorem 1.1.[3] let ℋ be a complete metric space and 𝒯:ℋ →ℋ be a mapping satisfying the following 

condition: 

𝜒 𝒹 𝒯ℓ,𝒯𝓁  ≤ 휂 𝒹 ℓ,𝓁  𝜒 𝒹 ℓ,𝓁     

where 𝜒 ∈ Χ and 휂:ℜ+ → [0,1) with 

lim𝓉→𝓊 sup 휂 𝓊 < 1∀𝓊 > 0.                              

then 𝒷0  is a unique fixed point  

 

Corollary 1.2.[3] Let 𝒯:ℋ → ℋ be a mapping and ℋ,𝒹 be a Complete metric space and satisfying 

inequality, 

 𝜇 𝓊 𝑑𝓊 
𝜒 𝒹 𝒯ℓ,𝒯𝓁  

0

≤ 휂 𝒹 ℓ,𝓁   𝜇 𝓊 𝑑𝓊
𝜒 𝒹 ℓ,𝓁  

0

 

where 𝜒 ∈ Χ,𝜇 ∈ Μand 휂:ℜ+ → [0,1) with  lim𝓉→𝓊 sup 휂 𝓊 < 1, ∀𝓊 > 0.             

Then𝑧0 ∈ ℋ  is a unique common fixed point of 𝒯 

Similarly we generalize the remaining results of Jose R.Morales and Edixon Rojas[3]  

Delbosco[2] and Skof[5] presented a different idea known as altering distances 

 

Definition 1.1.([2] and[5]) 

 A function 𝜒:ℜ+ → ℜ+ is said to be an altering distances function if the following properties are satisfied 

Some Fixed Point Theorems with Applications 

by Using a Concept of Altering Distances 
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1.  𝜒 is continuous and strictly increasing on  ℜ+, 

2. 𝜒 𝓅 = 0 if and only if 𝓅 = 0 and 

3. 𝜒(𝓅) ≥ ℳ𝓅𝓀 for every 𝓀 > 0where 𝜇 > 0 and ℳ > 0 are constants. 

For example, 𝜒 𝓅 = 𝓅2 

 

Definition 1.2. Let 𝜇:ℜ+ → ℜ+be a function and satisfied the below conditions 

1. 𝜇 is a Lebesgue integrable function on each compact subset of ℜ+. 

2. 𝜇 is nonnegative 

3.  𝜇 𝑝 𝑑𝑝 > 0
휀

0
 for each 휀 > 0 

 

Lemma 1.3.([1]and [4]) 

 Describe 𝜒0:ℜ+ → ℜ+ by 𝜒0 𝑗 ≔  𝜇 𝓅 𝑑𝓅
𝑗

0
 for every 𝓅 ∈ ℛ+and 𝜇 ∈ Μ then  𝜒0 ∈ Χ. 

 

Lemma 1.4. Considerℒbe a metric space on 𝒹 and   ℓ𝒽 𝒽 be a sequence in ℒ such that  

lim𝒽→∞ 𝒹 ℓ𝒽, ℓ𝒽+1 = 0. If ℓ𝒽 𝒽 is not a Cauchy sequence in ℒ, then ∃ an 𝜖 > 0  for which we can find 

sub sequences  ℓ𝒾 𝓇  𝓇 and  ℓ𝒿 𝓇  𝓇
 of  ℓ𝒽 𝒽 with 𝒾 𝓇 > 𝑗 𝓇 > 𝑟 such that 𝒹(ℓ𝒾 𝓇 , ℓ𝒿 𝓇 ) ≥ 𝜖 and 

𝒹(ℓ𝒾 𝓇 −1, ℓ𝒿 𝓇 ) < 𝜖 and 

i. lim𝓇→∞ 𝒹(ℓ𝒾 𝓇 , ℓ𝒿 𝓇 ) = 𝜖. 

 

ii. lim𝓇→∞ 𝒹(ℓ𝒾 𝓇 −1,ℓ𝒿 𝓇 ) = 𝜖 

iii. lim𝓇→∞ 𝒹(ℓ𝒾 𝓇 −1,ℓ𝒿 𝓇 −1) = 𝜖 

iv. lim𝓇→∞ 𝒹(ℓ𝒾 𝓇 , ℓ𝒿 𝓇 +1) = 𝜖 

v. lim𝓇→∞ 𝒹(ℓ𝒾 𝓇 +1,ℓ𝒿 𝓇 +1) = 𝜖 

vi. lim𝓇→∞ 𝒹(ℓ𝒾 𝓇 +1,ℓ𝒿 𝓇 +2) = 𝜖 

 

2 Main results 

Theorem 2.1. Let  ℋ,𝒹 be a complete metric space and let 𝓅,𝓆:ℋ → ℋ be mappings satisfying the 

following condition: for every  ℓ,𝓁 ∈ ℋ 

χ 𝒹 𝓆ℓ,𝓅𝓆𝓁  ≤ 휂 𝒹 ℓ,𝓅𝓁  χ 𝑑 ℓ,𝓅𝓁            (2.1)            

where 𝜒 ∈ Χ and 휂:ℜ+ → [0,1) with 

lim𝓉→𝓊 sup 휂 𝓈 < 1, for all 𝓊 > 0.                   (2.2)                                            

the range of  𝓆 contains the range of 𝓅  (2.3) 

and 𝓅𝓆 = 𝓆𝓅           (2.4) 

then 𝓅,𝓆  have a unique common fixed point. 

Proof:  

Since the range of  𝓆 contains the range of 𝓅   there exist a point ℓ1 ∈ ℋ ∋ 𝓆ℓ1 = 𝓅ℓ0 here ℓ0 be an 

arbitrary point. 

Consider  ℓ𝓂+1 ,ℓ𝓂,ℓ𝓂−1 such that ℓ𝓂+1 = 𝓆ℓ𝓂 = 𝓅ℓ𝓂−1 

To showlim𝓂→∞ 𝒹 ℓ𝓂,ℓ𝓂+1 = 0 

Insert  ℓ = ℓ𝓂−1 , 𝓁 = ℓ𝓂−2 into the equation (2.1) 
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𝜒 𝒹 𝓆ℓ𝓂−1,𝓅𝓆ℓ𝓂−2  ≤ 휂 𝒹 ℓ𝓂−1,𝓅ℓ𝓂−2  𝜒 𝒹 ℓ𝓂−1,𝓅ℓ𝓂−2   

𝜒 𝒹 ℓ𝓂, ℓ𝓂+1`  ≤ 휂 𝒹 ℓ𝓂−1, ℓ𝓂  𝜒 𝒹 ℓ𝓂−1, ℓ𝓂  < 𝜒  ℓ𝓂−1, ℓ𝓂   

𝜒 𝒹 ℓ𝓂,ℓ𝓂+1`  < 𝜒 𝒹 ℓ𝓂−1, ℓ𝓂                                                             (2.5) 

 𝑑 ℓ𝓂,ℓ𝓂+1  𝓂  is a non-decreasing sequence. 

 To shown lim𝓂→∞ 𝑑 ℓ𝓂, ℓ𝓂+1 = 𝛿 ≥ 0 there exists a constant 𝛿. Now, we are about to prove that 𝛿 = 0. 

Assume 𝛿 > 0, then Insert (2.2) in equation (2.5) and setting limits 𝓂 → ∞ in (2.5) 

Therefore 

0 < 𝜒 𝛿 ≤ lim
𝓂→∞

sup𝜒 𝒹 ℓ𝓂, ℓ𝓂+1`   

≤ lim
𝓂→∞

sup 휂 𝑑 ℓ𝓂−1, ℓ𝓂  𝜒 𝑑 ℓ𝓂−1, ℓ𝑛    

≤ lim
𝓂→∞

sup 휂 𝒹 ℓ𝓂−1, ℓ𝓂   lim
𝓂→∞

sup 𝜒 𝒹 ℓ𝓂−1, ℓ𝓂    

≤ lim
𝑡→𝛿

sup 휂 𝑠 𝜒 𝛿 < 𝜒 𝛿  

Which is not true for our assumption. Hence𝛿 = 0. 

Implies that lim𝓂→∞ 𝑑 ℓ𝓂,ℓ𝓂+1 = 0 

Now, we establish  ℓ𝓂 𝓂 is a Cauchy sequence in ℋ.  

Consider   𝑙𝑛 𝑛  is not a Cauchy sequence,  that is there exists an 휃0 > 0 such that for each positive integer 

𝒾, there are positive integers 𝒶(𝒾) and 𝒷(𝒾) with 𝒶 𝒾 > 𝑏 𝒾 > 𝑖 such that 𝑑(ℓ𝒶 𝒾 , ℓ𝒷 𝒾 ) ≥ 휃0 and 

𝑑 ℓ𝒶 𝒾 −1, ℓ𝒷 𝒾  < 휃0. 

From Lemma 1.4 we have 

휃0 = lim
𝒾→∞

𝑑 ℓ𝒶(𝒾), ℓ𝒷(𝒾)+1 = lim𝒾→∞ 𝑑 ℓ𝒶 𝒾 +1, ℓ𝒷(𝒾)+2  (2.6)   

Insert ℓ = ℓ𝒶(𝒾) , 𝓁 = ℓ𝒷 𝒾 −1 in equation (2.1) 

𝜒  𝒹 𝑞𝑙𝒶(𝒾),𝑝𝑞𝑙𝒷 𝒾 −1  ≤ 휂  𝒹 𝑙𝒶(𝒾),𝑝𝑙𝒷 𝒾 −1  𝜒  𝒹 𝑙𝒶(𝒾),𝑝𝑙𝒷 𝑖 −1   

𝜒  𝒹 𝑙𝒶 𝑖 +1, 𝑙𝒷 𝑖 +2  ≤ 휂  𝒹 𝑙𝒶(𝑖), 𝑙𝒷 𝑖 +1  𝜒  𝒹 𝑙𝒶(𝑖), 𝑙𝒷 𝑖 +1   

𝜒  𝒹 𝑙𝒶 𝑖 +1, 𝑙𝒷 𝑖 +2  ≤ 𝜒  𝒹 𝑙𝒶(𝒾), 𝑙𝒷 𝑖 +1                                                   (2.7)      

By inserting (2.2) and (2.6) in equation (2.7) and taking limit as 𝑛 → ∞ in (2.7) 

0 ≤ 𝜒 휃0 = lim
𝑘→∞

sup𝜒  𝑑 𝑙𝒶 𝑖 +1, 𝑙𝒷 𝑖 +2   

≤ lim
𝑘→∞

𝑠𝑢𝑝 휂  𝒹 𝑙𝒶 𝑖 , 𝑙𝒷 𝑖 +1  lim
𝑘→∞

𝑠𝑢𝑝 𝜒  𝑑 𝑙𝒶 𝑖 , 𝑙𝒷 𝑖 +1  < 𝜒 휃0  

This is a contradiction to our assumption, 

Thus  ℓ𝓂 𝓂 is a Cauchy sequence in the complete metric space  ℋ,𝒹 . Hence there exists 𝓎0 ∈ ℋ such as 

lim𝓂→∞ ℓ𝓂 = 𝓎0. 

Now, we shown 𝓅,𝓆 have a fixed point of 𝓎0 . 

First, we prove that  𝓎0 is a fixed point of 𝓆. 

Setting  ℓ =  𝓎0 , 𝓁 = ℓ𝓂−2 in equation (2.1) 

𝜒 𝒹 𝓆 𝓎0,𝓅𝓆ℓ𝓂−2  ≤ 휂 𝒹  𝓎0,𝓅ℓ𝓂−2  𝜒 𝒹  𝓎0,𝓅ℓ𝓂−2   

𝜒 𝑑 𝓆 𝓎0, ℓ𝓂+1  ≤ 휂 𝒹  𝓎0, ℓ𝑛  𝜒 𝒹  𝓎0,ℓ𝑛   

𝜒 𝒹 𝓆 𝓎0, ℓ𝓂+1  ≤ 𝜒 𝒹  𝓎0,ℓ𝑛   

where 𝜒 𝒹  𝓎0, ℓ𝓂  → 0 as 𝓂 → ∞ i.e., lim𝑛→∞ 𝜒 𝒹 𝓆 𝓎0, ℓ𝓂+1  = 0. 

Since 𝜒 ∈ Χ we have that lim𝓂→∞𝒹 𝓆 𝓎0, ℓ𝓂+1 = 0. 

⇒ 𝑑 𝓆 𝓎0,𝓎0 = 0 
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𝓆 𝓎0 = 𝓎0 

That is  𝓎0 is a fixed point of 𝓆. 

To show  𝓎0 is a fixed point of 𝓅. 

Insert  ℓ = ℓ𝓂 , 𝓁 = 𝓎0 in equation (2.1) 

𝜒 𝒹 𝓆ℓ𝓂,𝓅𝓆𝓎0  ≤ 휂 𝒹 ℓ𝓂,𝓅𝓎0  𝜒 𝒹 ℓ𝓂,𝓅𝓎0   

𝜒  𝒹 ℓ𝓂+1,𝓅𝓆𝓎0  ≤ 휂 𝒹 ℓ𝓂,𝓅𝓎0  𝜒 𝒹 ℓ𝑛 ,𝓅𝓎0   

𝜒  𝒹  ℓ𝓂+1,𝑝𝑦0   ≤ 𝜒 𝒹 ℓ𝓂,𝓎0   

where 𝜒 𝒹 ℓ𝓂,𝓎0  → 0 as 𝓂 → ∞ i.e., lim𝓂→∞ 𝜒 𝒹 𝓅 𝓎0, ℓ𝓂+1  = 0. 

Since 𝜒 ∈ Χ we have that lim𝓂→∞𝒹 𝓅𝓎0,𝓎0 = 0. 

⇒ 𝒹 𝓅𝓎0,𝓎0 = 0 

𝓅𝓎0 = 𝓎0 

Therefore  𝓎0 is a fixed point of 𝓅. 

 𝓎0 is a common fixed point of  𝓅 and  𝓆. 

Now we show  𝑦0 is a unique common fixed point of  𝓅 and  𝓆. 

Suppose 𝓏0 ∈ ℋ is another common fixed point of 𝓅 and  𝓆. 

Insert ℓ = 𝓎0, 𝓁 = 𝓏0 into the  equation (2.1) 

𝜒 𝒹 𝓆𝓎0,𝓅𝓆𝓏0  ≤ 휂 𝒹 𝓎0,𝓅𝓏0  𝜒 𝒹 𝓎0,𝓅𝓏0   

0 ≤ 𝜒 𝒹 𝓆𝓎0 ,𝓅𝓆𝓏0  ≤ 휂 𝒹 𝓎0,𝓅𝓏0  𝜒 𝒹 𝓎0,𝓅𝓏0   

 Case 1: If 𝜒 𝑑 𝓆𝓎0 ,𝓅𝓆𝓏0  = 0 then 𝜒 𝒹 𝓎0,𝓏0  = 0 

Since 𝜒 ∈ Χ we have that 𝒹 𝓎0,𝓏0 = 0 ⇒ 𝓎0 = 𝓏0 

Case 2:If𝜒 𝒹 𝓆𝓎0,𝓅𝓆𝓏0  > 0 

0 ≤ 𝜒 𝑑 𝓆𝓎0,𝓅𝓆𝓏0  ≤ 휂 𝒹 𝓎0,𝓅𝓏0  𝜒 𝒹 𝓎0,𝓅𝓏0   

𝜒 𝒹 𝓎0,𝓏0  ≤ 휂 𝒹 𝓎0,𝓏0  𝜒 𝒹 𝓎0,𝓏0   

𝜒 𝒹 𝓎0, 𝑧0  < 𝜒 𝒹 𝓎0,𝓏0   

Therefore this is a contradiction to our assumption 

𝜒 𝒹 𝓆𝓎0,𝓅𝓆𝓏0  = 0 ⇒ 𝜒 𝒹 𝓎0,𝓏0  = 0 

Since 𝜒 ∈ Χ we have that 𝒹 𝓎0,𝓏0 = 0 ⇒ 𝓎0 = 𝓏0 

From cases 1& 2 

𝓎0 is a Unique common fixed point of 𝓅 and 𝓆. 

Application 1: The following is an application to Theorem 2.1 

Corollary 2.2. Let ℋbe a complete metric space on 𝒹 and let 𝓅,𝓆:ℋ →ℋ be mappings satisfying the 

following condition:  

 𝜇 𝓊 𝑑𝓊 
𝜒 𝒹 𝓆ℓ,𝓅𝓆𝓁  

0
≤ 휂 𝒹 ℓ,𝓅𝓁   𝜇 𝓊 𝑑𝓊

𝜒 𝒹 ℓ,𝓅𝓁  

0
(2.8) 

where χ ∈ Χ,𝜇 ∈ Μand 휂:ℜ+ → [0,1) with 

lim𝓉→𝓊 sup 휂 𝓈 < 1, ∀𝓊 > 0.              

then  𝓅,𝓆  have a unique common fixed point 𝑦0 ∈ ℋ. 

Proof. We define 𝜒0:ℜ+ → ℜ+ by 𝜒0(ℎ) =  𝜇 𝓊 𝑑𝓊
ℎ

0
 for ∈ Μ , then 𝜒0 ∈ Χ . We can write (2.8) in the 

form 

𝜒0  𝜒 𝒹 𝓆ℓ,𝓅𝓆𝓁   ≤ 휂 𝒹 ℓ,𝓅𝓁  𝜒0  𝜒 𝒹 ℓ,𝓅𝓁    

𝜒1 𝒹 𝓆ℓ,𝓅𝓆𝓁  ≤ 휂 𝒹 ℓ,𝓅𝓁  𝜒1 𝒹 ℓ,𝓅𝓁   
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Where 𝜒1 = 𝜒00𝜒 ∈ 𝜒. Therefore, we obtain 𝑦0 ∈ ℋ  is a   unique common fixed point of 𝓅,𝓆by theorem 

2.1. 

Theorem 2.3. Let 𝑝, 𝑞:𝐻 → 𝐻 be mappings and H be a complete metric space on 𝒹  and satisfying the 

following condition:  

𝜒 𝒹 𝑞𝑙,𝑝𝑞𝑚  ≤ 휂 𝒹 𝑙,𝑝𝑚  𝜒 𝒹 𝑙, 𝑞𝑙  + 휁 𝒹 𝑙,𝑝𝑚  𝜒 𝒹 𝑝𝑚, 𝑝𝑞𝑚  (2.9)                      

where 𝜒 ∈ Χ and 휂, 휁:ℜ+ → [0,1) with 

 
휂 𝑡 + 휁 𝑡 < 1for all 𝑢 ∈ ℜ+, lim𝑡→0+ sup 휁 𝑡 < 1

lim𝑡→𝑢+ sup
휂(𝑠)

1−휁(𝑠)
< 1 , for all 𝑢 > 0

  (2.10) 

then 𝑝,  𝑞  have a unique common fixed point 𝑦0 ∈ 𝐻  such that for each 𝑦 ∈ 𝐻 

Proof. Consider the sequence  ℎ𝑛 𝑛  defined 

 ℎ𝑛+1 = 𝑞ℎ𝑛 = 𝑓ℎ𝑛−1 ,𝑛 = 1,2,… .. where ℎ ∈ 𝐻  be an arbitrary point 

To showlim𝑛→∞ 𝒹 ℎ𝑛 , ℎ𝑛+1 = 0 

Put  𝑙 = ℎ𝑛−1 , 𝑚 = ℎ𝑛−2 in equation (2.9) 

𝜒 𝒹 𝑞ℎ𝑛−1,𝑝𝑞ℎ𝑛−2  ≤ 휂 𝒹 ℎ𝑛−1,𝑝ℎ𝑛−2  𝜒 𝒹 ℎ𝑛−1, 𝑞ℎ𝑛−1   

 +휁 𝒹 ℎ𝑛−1,𝑝ℎ𝑛−2  𝜒 𝒹 𝑝ℎ𝑛−2,𝑝𝑞ℎ𝑛−2   

𝜒 𝒹 𝑞ℎ𝑛−1,𝑝𝑞ℎ𝑛−2  ≤ 휂 𝒹 ℎ𝑛−1,ℎ𝑛  𝜒 𝒹 ℎ𝑛−1,ℎ𝑛   

 +휁 𝒹 ℎ𝑛−1,ℎ𝑛  𝜒 𝒹 ℎ𝑛 ,ℎ𝑛+1   

𝜒 𝒹 ℎ𝑛 ,ℎ𝑛+1  − 휁 𝒹 ℎ𝑛−1,ℎ𝑛  𝜒 𝒹 ℎ𝑛 ,ℎ𝑛+1  ≤ 휂 𝒹 ℎ𝑛−1,ℎ𝑛  𝜒 𝒹 ℎ𝑛−1,ℎ𝑛   

𝜒 𝒹 ℎ𝑛 , ℎ𝑛+1   1 − 휁 𝒹 ℎ𝑛−1,ℎ𝑛   ≤ 휂 𝒹 ℎ𝑛−1,ℎ𝑛  𝜒 𝒹 ℎ𝑛−1,ℎ𝑛   

𝜒 𝒹 ℎ𝑛 , ℎ𝑛+1  ≤
휂 𝒹 ℎ𝑛−1,ℎ𝑛  

 1 − 휁 𝒹 ℎ𝑛−1,ℎ𝑛   
𝜒 𝒹 ℎ𝑛−1,ℎ𝑛   

Now, from (2.10) we obtain 

𝜒 𝒹 ℎ𝑛 ,ℎ𝑛+1  < 𝜒 𝒹 ℎ𝑛−1,ℎ𝑛  ∀𝑛 ∈ 𝑧+ 

from Theorem 2.1, we determine that the  𝒹 ℎ𝑛 ,ℎ𝑛+1  𝑛  is non-increasing and  converges to 0.    

i.e., lim𝑛→∞ 𝒹 ℎ𝑛 , ℎ𝑛+1 = 0 (2.11) 

Now, we Prove that  ℎ𝑛 𝑛  is a Cauchy sequence in H. Assume that  ℎ𝑛 𝑛  is not a Cauchy sequence, that is 

𝑑(ℎ𝑎 𝑖 ,ℎ𝑏 𝑖 ) ≥ 휃0 and 𝑑 ℎ𝑎 𝑖 −1,ℎ𝑏 𝑖  < 휃0  there are positive integers 𝑎(𝑖) and 𝑏(𝑖) with 𝑎 𝑖 > 𝑏 𝑖 >

𝑖 

From Lemma 1.4 we have 

휃0 = lim𝑖→∞ 𝒹 ℎ𝑎 𝑖 +1,ℎ𝑏(𝑖)+2   and from (2.9) we get that     

𝜒 휃0 = lim
𝑖→∞

𝑠𝑢𝑝 𝜒  𝒹 ℎ𝑎 𝑖 +1,ℎ𝑏(𝑖)+2   

𝜒 휃0 = lim
𝑖→∞

𝑠𝑢𝑝 𝜒  𝒹 𝑞ℎ𝑎 𝑖 , ℎ𝑏 𝑖 −1   

≤ lim
𝑖→∞

𝑆𝑢𝑝  휂  𝒹 ℎ𝑎 𝑖 ,ℎ𝑏 𝑖 +1  𝜒  𝒹 ℎ𝑎(𝑖),ℎ𝑏 𝑖 +1  + 휁  𝒹 ℎ𝑎(𝑖),ℎ𝑏 𝑖 +1  𝜒  𝒹 ℎ𝑎 𝑖 +1,ℎ𝑏 𝑖 +2    

≤ lim
𝑖→∞

𝑆𝑢𝑝  휂  𝒹 ℎ𝑎 𝑖 ,ℎ𝑏 𝑖 +1   lim
𝑖→∞

𝑆𝑢𝑝  𝜒  𝒹 ℎ𝑎 𝑖 , ℎ𝑎 𝑖 +1   

+ lim
𝑖→∞

𝑆𝑢𝑝  휁  𝒹 ℎ𝑎 𝑖 ,ℎ𝑏 𝑖 +1   lim
𝑖→∞

𝑆𝑢𝑝  𝜒  𝒹 ℎ𝑏 𝑖 +1,ℎ𝑏 𝑖 +2    

𝜒 휃0 = 0 

This is not true 

Hence  ℎ𝑛 𝑛  is a Cauchy sequence in the complete metric space  𝐻,𝑑 .  
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Now, we prove that  𝑦0 is a fixed point of 𝑝 and  𝑞. 

First, we show 𝑝 has a fixed point of  𝑦0 .  

Insert  𝑙 =  𝑦0 , 𝑚 = ℎ𝑛−2 in equation (2.9) 

𝜒 𝒹  𝑦0,𝑝𝑞ℎ𝑛−2  ≤ 휂 𝒹  𝑦0,𝑝ℎ𝑛−2  𝜒 𝒹  𝑦0, 𝑞𝑦0   

+휁 𝒹  𝑦0,𝑝ℎ𝑛−2  𝜒 𝒹 𝑝ℎ𝑛−2,𝑝𝑞ℎ𝑛−2   

𝜒 𝒹 𝑞 𝑦0, ℎ𝑛+1  ≤ 휂 𝒹  𝑦0,ℎ𝑛  𝜒 𝒹  𝑦0, 𝑞 𝑦0  + 휁 𝒹  𝑦0,ℎ𝑛  𝜒 𝒹 ℎ𝑛 ,ℎ𝑛+1   

lim
𝑛→∞

𝑆𝑢𝑝 𝜒 𝒹 𝑞 𝑦0,ℎ𝑛+1  ≤ lim
𝑛→∞

𝑆𝑢𝑝 휂 𝒹  𝑦0,ℎ𝑛  𝜒 𝒹  𝑦0, 𝑞 𝑦0   

  + lim
𝑛→∞

𝑆𝑢𝑝 휁 𝒹  𝑦0,ℎ𝑛  𝜒 𝒹 ℎ𝑛 ,ℎ𝑛+1   

0 < 𝜒 𝒹 𝑞 𝑦0,  𝑦0  < 𝜒 𝒹 𝑞 𝑦0,  𝑦0   

Which is a contradiction. Thus 𝒹 𝑞 𝑦0,  𝑦0 = 0 

𝑞 𝑦0 =  𝑦0.  

Now we show  𝑦0 is a fixed point of p.  

Setting  𝑙 =  ℎ𝑛  , 𝑚 = 𝑦0 in equation (2.9) 

𝜒 𝒹 𝑞 ℎ𝑛 ,𝑝𝑞𝑦0  ≤ 휂 𝒹  ℎ𝑛 ,𝑝𝑦0  𝜒 𝒹  ℎ𝑛 , 𝑞ℎ𝑛  + 휁 𝒹  ℎ𝑛 , 𝑝𝑦0  𝜒 𝒹 𝑝𝑦0,𝑝𝑞𝑦0   

𝜒 𝒹  ℎ𝑛+1,𝑝𝑦0  ≤ 휂 𝒹  ℎ𝑛 ,𝑝𝑦0  𝜒 𝒹  ℎ𝑛 ,ℎ𝑛+1  + 휁 𝒹  ℎ𝑛 ,𝑝𝑧0  𝜒 𝒹 𝑝𝑦0,𝑝𝑦0   

lim
𝑛→∞

𝑆𝑢𝑝 𝜒 𝒹  ℎ𝑛+1,𝑝𝑦0  

≤ lim
𝑛→∞

𝑆𝑢𝑝 휂 𝒹  ℎ𝑛 ,𝑝𝑦0  𝜒 𝒹  ℎ𝑛 ,ℎ𝑛+1  + lim
𝑛→∞

𝑆𝑢𝑝휁 𝒹  ℎ𝑛 ,𝑝𝑦0  𝜒 𝒹 𝑝𝑦0, 𝑝𝑦0   

0 < 𝜒 𝒹 𝑝 𝑦0,  𝑦0  ≤ 0 

 Thus 𝒹 𝑝 𝑦0 ,  𝑦0 = 0 

𝑝 𝑦0 =  𝑦0.  

 𝑦0 is a fixed point 𝑝 

∴  𝑦0 is a common fixed point 𝑝 and  𝑞. 

 Now prove that  𝑦0 is a unique common fixed point 𝑝 and  𝑞. 

Suppose  𝑧0 ∈ 𝐻 is another common fixed point of 𝑝 and  𝑞. 

Put  𝑙 =  𝑦0 , 𝑚 = 𝑧0 in equation (2.9) 

𝜒 𝒹 𝑞 𝑦0, 𝑝𝑞𝑧0  ≤ 휂 𝒹  𝑦0,𝑝𝑧0  𝜒 𝒹  𝑦0, 𝑞𝑦0  + 휁 𝒹  𝑦0,𝑝𝑧0  𝜒 𝒹 𝑝𝑧0,𝑝𝑞𝑧0  0

< 𝜒 𝒹 𝑞 𝑦0,𝑝𝑞𝑧0  ≤ 휂 𝒹  𝑦0,𝑝𝑧0  𝜒 𝒹  𝑦0,𝑦0  + 휁 𝒹  𝑦0,𝑝𝑧0  𝜒 𝒹 𝑧0, 𝑧0   

0 < 𝜒 𝒹 𝑞 𝑦0,𝑝𝑞𝑧0  ≤ 0 

𝑑  𝑦0, 𝑧0 = 0 ⟹  𝑦0 = 𝑧0 

Therefore  𝑦0 is a unique common fixed point of 𝑝& 𝑞 

Application 2: The following is an application to the Theorem 2.3 

Corollary 2.4.Let  𝐻,𝒹 be a Complete metric space and let 𝑝, 𝑞:𝐻 → 𝐻 be mappings satisfying the 

following condition:  

 𝜇 𝑢 𝑑𝑢 
𝜒 𝒹 𝑝𝑙 ,𝑝𝑞𝑚   

0

≤ 휂 𝒹 𝑙,𝑝𝑚   𝜇 𝑢 𝑑𝑢 + 휁 𝒹 𝑙,𝑝𝑚   𝜇 𝑢 𝑑𝑢
𝜒 𝒹 𝑝𝑚 ,𝑝𝑞𝑚   

0

𝜒 𝒹 𝑙 ,𝑞𝑙   

0

 

(2.12)                

where 𝜒 ∈ Χ,𝜇 ∈ Μand 휂, 휁:ℜ+ → [0,1) with 

 

휂 𝑢 + 휁 𝑢 < 1for all 𝑢 ∈ ℜ+, lim
𝑡→0+

sup 휁 𝑡 < 1

lim
𝑡→𝑢+

sup
휂(𝑠)

1 − 휁(𝑠)
< 1 , for all 𝑢 > 0
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then  𝑝,  𝑞  have a unique common fixed point 𝑦0 ∈ 𝐻. 

Proof. We define 𝜒0:ℜ+ → ℜ+ by 𝜒0 ℎ =  𝜇 𝑢 𝑑𝑢
ℎ

0
 for ∈ Μ , then 𝜒0 ∈ Χ 

 and so inequality (2.12) becomes 

𝜒0  𝜒 𝒹 𝑞𝑙,𝑝𝑞𝑚   ≤ 휂 𝒹 𝑙,𝑝𝑚  𝜒0  𝜒 𝒹 𝑙, 𝑞𝑙   + 휁 𝒹 𝑙,𝑝𝑚  𝜒0  𝜒 𝒹 𝑝𝑚, 𝑝𝑞𝑚    

𝜒1 𝒹 𝑞𝑙,𝑝𝑞𝑚  ≤ 휂 𝒹 𝑙, 𝑝𝑚  𝜒1 𝒹 𝑙,𝑝𝑚   

Where 𝜒1 = 𝜒00𝜒 ∈ 𝜒. Hence, from Theorem 2.3 we conclude that  𝑝, 𝑞 have a unique common fixed point 

𝑦0 ∈ 𝐻. 

Theorem 2.5. Let  𝐻,𝒹  be a complete metric space and let 𝑝, 𝑞:𝐻 → 𝐻 be mappings satisfying the 

following condition:  for every 𝑙,𝑚 ∈ 𝐻 

𝜒 𝒹 𝑞𝑙,𝑝𝑞𝑚  ≤ 휂 𝒹 𝑙,𝑝𝑚   𝜒 𝒹 𝑙, 𝑞𝑙  + 𝜒 𝒹 𝑝𝑚,𝑝𝑞𝑚                                             (2.13)                                               

where 𝜒 ∈ Χ and 휁:ℜ+ → [0,
1

2
) with 

lim
𝑡→𝑢+

sup
휁(𝑠)

1 − 휁(𝑠)
< 1 , for all 𝑢 > 0 

then 𝑝,  𝑞  have a unique common fixed point 𝑦0 ∈ 𝐻 . 

Proof. Let ℎ ∈ 𝐻  be an arbitrary point, and Let the sequence  ℎ𝑛 𝑛  defined 

 ℎ𝑛+1 = 𝑞ℎ𝑛 = 𝑝ℎ𝑛−1 ,𝑛 = 1,2,… .. 

To showlim𝑛→∞ 𝑑 ℎ𝑛 ,ℎ𝑛+1 = 0 

Insert  𝑙 = ℎ𝑛−1 , 𝑚 = ℎ𝑛−2 in equation (2.13) 

𝜒 𝒹 𝑞ℎ𝑛−1,𝑝𝑞ℎ𝑛−2  ≤ 휁 𝒹 ℎ𝑛−1,𝑝ℎ𝑛−2   𝜒 𝒹 ℎ𝑛−1, 𝑞ℎ𝑛−1  + 𝜒 𝒹 𝑝ℎ𝑛−2,𝑝𝑞ℎ𝑛−2    

𝜒 𝒹 ℎ𝑛 ,ℎ𝑛+1  ≤ 휁 𝒹 ℎ𝑛−1,ℎ𝑛   𝜒 𝒹 ℎ𝑛−1,ℎ𝑛  + 𝜒 𝒹 ℎ𝑛 ,ℎ𝑛+1    

𝜒 𝒹 ℎ𝑛 ,ℎ𝑛+1  − 휁 𝒹 ℎ𝑛−1,ℎ𝑛  𝜒 𝒹 ℎ𝑛 ,ℎ𝑛+1  ≤ 휁 𝒹 ℎ𝑛−1,ℎ𝑛  𝜒 𝒹 ℎ𝑛−1,ℎ𝑛   

𝜒 𝒹 ℎ𝑛 , ℎ𝑛+1   1 − 휁 𝒹 ℎ𝑛−1,ℎ𝑛   ≤ 휁 𝒹 ℎ𝑛−1,ℎ𝑛  𝜒 𝒹 ℎ𝑛−1,ℎ𝑛   

𝜒 𝒹 ℎ𝑛 , ℎ𝑛+1  ≤
휁 𝒹 ℎ𝑛−1,ℎ𝑛  

 1 − 휁 𝒹 ℎ𝑛−1,ℎ𝑛   
𝜒 𝒹 ℎ𝑛−1,ℎ𝑛   

𝜒 𝒹 ℎ𝑛 ,ℎ𝑛+1  < 𝜒 𝒹 ℎ𝑛−1,ℎ𝑛  ∀𝑛 ∈ 𝑧+ 

as in the proof of Theorem 2.1, we conclude that the  𝒹 ℎ𝑛 ,ℎ𝑛+1  𝑛  is non-increasing and  converges to 0.        

i.e., lim𝑛→∞ 𝒹 ℎ𝑛 , ℎ𝑛+1 = 0                                                                                                   (2.14)                                                                                                       

Consider  ℎ𝑛 𝑛  is not a Cauchy sequence, That means there are positive integers 𝑎(𝒿) and 𝑏(𝒿) with 

𝑎 𝒿 > 𝑏 𝒿 > 𝑗 such that 𝒹(ℎ𝑎 𝒿 ,ℎ𝑏 𝒿 ) ≥ 휃0 and 𝒹 ℎ𝑎 𝒿 −1,ℎ𝑏 𝒿  < 휃0.  

From Lemma 1.4 we have 

휃0 = lim𝑘→∞ 𝒹 ℎ𝑎 𝒿 +1,ℎ𝑏(𝒿)+2   and from (2.13) we get that     

𝜒 휃0 = lim
𝑘→∞

𝑠𝑢𝑝𝜒  𝒹 ℎ𝑎 𝒿 +1,ℎ𝑏(𝒿)+2   

≤ lim
𝑘→∞

𝑆𝑢𝑝  휁  𝒹 ℎ𝑎 𝒿 +1,ℎ𝑏 𝒿 +1   𝜒  𝒹 ℎ𝑎(𝒿),ℎ𝑎 𝒿 +1  + 𝜒  𝒹 ℎ𝑏 𝒿 +1,ℎ𝑏 𝒿 +2     

≤ lim
𝑘→∞

𝑆𝑢𝑝  휁  𝒹 ℎ𝑎 𝒿 +1,ℎ𝑏 𝒿 +1  𝜒  𝒹 ℎ𝑎(𝒿),ℎ𝑎 𝒿 +1  + 휁  𝒹 ℎ𝑎(𝒿),ℎ𝑏 𝒿 +1  𝜒  𝒹 ℎ𝑏 𝒿 +1, ℎ𝑏 𝒿 +2    

= lim
𝑘→∞

𝑆𝑢𝑝  휁  𝒹 ℎ𝑎 𝑗  +1,ℎ𝑏 𝒿 +1   lim
𝑘→∞

𝑆𝑢𝑝  𝜒  𝒹 ℎ𝑎 𝒿 +1,ℎ𝑎 𝒿 +1   

+ lim
𝑘→∞

𝑆𝑢𝑝  휁  𝒹 ℎ𝑎 𝒿 ,ℎ𝑏 𝒿 +1   lim
𝑘→∞

𝑆𝑢𝑝  휁  𝒹 ℎ𝑏 𝒿 +1,ℎ𝑏 𝒿 +2    

𝜒 휃0 = 0 
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This is a contrary to our assumption                                     

Thus  ℎ𝑛 𝑛  is a Cauchy sequence in the complete metric space  𝐻,𝒹 . Hence there exists 𝑦0 ∈ 𝐻 such that 

lim𝑛→∞ ℎ𝑛 = 𝑦0. 

Now, we prove that  𝑦0 is a fixed point of 𝑝 and  𝑞. 

First, we show  𝑦0 is a fixed point of q.  

Setting  𝑙 =  𝑦0 , 𝑚 = ℎ𝑛−2 in equation (2.13) 

𝜒 𝒹 𝑞 𝑦0,𝑝𝑞ℎ𝑛−2  ≤ 휁 𝒹  𝑦0,𝑝ℎ𝑛−2   𝜒 𝑣  𝑦0, 𝑞𝑦0  + 𝜒 𝒹 𝑝ℎ𝑛−2,𝑝𝑞ℎ𝑛−2    

𝜒 𝒹 𝑞 𝑦0, ℎ𝑛+1  ≤ 휁 𝒹  𝑦0,ℎ𝑛  𝜒 𝒹  𝑦0, 𝑞 𝑦0  + 휁 𝒹  𝑦0,ℎ𝑛  𝜒 𝒹 ℎ𝑛 ,ℎ𝑛+1   

lim
𝑛→∞

𝑆𝑢𝑝 𝜒 𝒹 𝑞 𝑦0,ℎ𝑛+1  ≤ lim
𝑛→∞

𝑆𝑢𝑝 휁 𝒹  𝑦0,ℎ𝑛  𝜒 𝒹  𝑦0, 𝑞 𝑦0   

+ lim
𝑛→∞

𝑆𝑢𝑝 휁 𝒹  𝑦0,ℎ𝑛  𝜒 𝒹 ℎ𝑛 ,ℎ𝑛+1   

0 < 𝜒 𝒹 𝑞 𝑦0,  𝑦0  < 𝜒 𝒹 𝑞 𝑦0,  𝑦0   

Which is a contradiction. Thus 𝒹 𝑞 𝑦0,  𝑦0 = 0 

𝑞 𝑦0 =  𝑦0.  

Now we show  𝑦0 is a fixed point of p.  

Setting  𝑙 =  ℎ𝑛  , 𝑚 = 𝑦0 in equation (2.13) 

𝜒 𝒹 𝑞 ℎ𝑛 ,𝑝𝑞𝑦0  ≤ 휁 𝒹  ℎ𝑛 ,𝑝𝑦0   𝜒 𝒹  ℎ𝑛 , 𝑞ℎ𝑛  + 𝜒 𝒹 𝑝𝑦0,𝑝𝑞𝑦0    

𝜒 𝒹  ℎ𝑛+1,𝑝𝑦0  ≤ 휁 𝒹  ℎ𝑛 ,𝑝𝑦0  𝜒 𝒹  ℎ𝑛 , ℎ𝑛+1   

+휁 𝒹  ℎ𝑛 ,𝑝𝑦0  𝜒 𝒹 𝑝𝑦0,𝑝𝑦0   

lim
𝑛→∞

𝑆𝑢𝑝 𝜒 𝒹  ℎ𝑛+1,𝑝𝑦0  ≤ lim
𝑛→∞

𝑆𝑢𝑝 휁 𝒹  ℎ𝑛 ,𝑝𝑦0  𝜒 𝒹  ℎ𝑛 ,ℎ𝑛+1   

+ lim
𝑛→∞

𝑆𝑢𝑝휁 𝒹  ℎ𝑛 , 𝑝𝑦0  𝜒 𝒹 𝑝𝑦0,𝑝𝑦0   

0 < 𝜒 𝒹 𝑝 𝑦0,  𝑦0  ≤ 0 

Which is a contradiction. Thus 𝒹 𝑝 𝑦0,  𝑦0 = 0 

𝑝 𝑦0 =  𝑦0.  

 𝑦0 is a fixed point 𝑝 

∴  𝑦0 is a common fixed point 𝑝 and  𝑞. 

and Now prove that  𝑦0 is a unique common fixed point 𝑝 and  𝑞. 

Suppose  𝑧0 ∈ 𝐻 is another common fixed point of 𝑝 and  𝑞. 

Setting  𝑙 =  𝑦0 , 𝑚 = 𝑧0 in equation (2.13) 

𝜒 𝒹 𝑞 𝑦0, 𝑝𝑞𝑧0  ≤ 휁 𝒹  𝑦0,𝑝𝑧0   𝜒 𝒹  𝑦0, 𝑞𝑦0  + 𝜒 𝒹 𝑝𝑧0,𝑝𝑞𝑧0    

 

0 < 𝜒 𝒹 𝑞 𝑦0,𝑝𝑞𝑧0  ≤ 휁 𝒹  𝑦0,𝑝𝑧0  𝜒 𝒹  𝑦0,𝑦0  + 휁 𝒹  𝑦0,𝑝𝑧0  𝜒 𝒹 𝑧0, 𝑧0   

 

0 < 𝜒 𝒹 𝑞 𝑦0,𝑝𝑞𝑧0  ≤ 0 

𝒹  𝑦0, 𝑧0 = 0 ⟹  𝑦0 = 𝑧0 

Therefore  𝑦0 is a unique common fixed point of & 𝑞 .  

Application 3: The following is an application to the Theorem 2.5 

Corollary 2.6.Let  𝐻,𝒹 be a complete metric space and let 𝑝, 𝑞:𝐻 → 𝐻 be mapping satisfying the 

following condition:  

 𝜇 𝑢 𝑑𝑢 
𝜒 𝒹 𝑞𝑙 ,𝑝𝑞𝑚   

0
≤ 휁 𝒹 𝑙,𝑝𝑚    𝜇 𝑢 𝑑𝑢 +  𝜇 𝑢 𝑑𝑢

𝜒 𝒹 𝑝𝑚 ,𝑝𝑞𝑚   

0

𝜒 𝒹 𝑙 ,𝑞𝑙   

0
                      (2.15) 

where 𝜒 ∈ Χ and 휁:ℜ+ → [0,
1

2
) with 



 

January - February 2020 

ISSN: 0193-4120 Page No. 8501 – 8512 

 

 

8509 Published by: The Mattingley Publishing Co., Inc. 

lim
𝑡→𝑢+

sup
휁(𝑠)

1 − 휁(𝑠)
< 1 , for all 𝑢 > 0 

then  𝑝,  𝑞  have a unique common fixed point 𝑦0 ∈ 𝐻.  

Proof. We define 𝜒0:ℜ+ → ℜ+ by 𝜒0(ℎ) =  𝜇 𝑢 𝑑𝑢
ℎ

0
 for ∈ Μ , then 𝜒0 ∈ X and so inequality 

(2.15)becomes 

𝜒0  𝜒 𝒹 𝑞𝑙,𝑝𝑞𝑚   ≤ 휁 𝒹 𝑙,𝑚   𝜒0  𝜒 𝒹 𝑙, 𝑞𝑙   + 𝜒0  𝜒 𝒹 𝑝𝑚,𝑝𝑞𝑚     

where 𝜒1 = 𝜒00𝜒 ∈ 𝜒. Hence, from Theorem 2.5 we conclude that 𝑝, 𝑞 have a unique fixed point 𝑦0 ∈ 𝐻. 

Theorem 2.7.:  Let (𝐻,𝒹) be a complete metric space and let 𝑝, 𝑞 ∶  𝐻 → 𝐻   be continuous mappings. We 

denote 𝑤 𝑙,𝑝𝑚 = 𝑚𝑎𝑥  
𝒹 𝑙 ,𝑞𝑙  𝑑(𝑝𝑚 ,𝑞𝑝𝑚 )

𝑑(𝑙 ,𝑝𝑚 )
,𝒹(𝑙, 𝑝𝑚) ∀ 𝑙,𝑚 ∈ 𝐻 , 𝑙 ≠ 𝑚.    (2.16)                 

Suppose that  𝑝, 𝑞 satisfies the following condition: 

𝜒 𝒹 𝑞𝑙,𝑝𝑞𝑚  ≤ 휂 𝒹 𝑙,𝑝𝑚  𝜒 𝑤 𝑙,𝑝𝑚      (2.17)                                                                  

∀ 𝑙,𝑚 ∈ 𝐻 ,𝜒 ∈ Χ and 휂:ℜ → [0,1)is a function with lim𝑡→𝑢 𝑠𝑢𝑝휂 𝑡 < 1∀ 𝑢 > 0        (2.18)            

then 𝑝, 𝑞 have a unique common fixed point 𝑦0 ∈ 𝐻 . 

Proof: Let  ℎ0 ∈ 𝐻 be an arbitrary point and we define the sequence ℎ𝑛+1 = 𝑞ℎ𝑛 = 𝑝ℎ𝑛−1, 

𝑛 = 1,2,………. 

It follows from (2.17) that 

𝜒 𝒹 ℎ𝑛 ,ℎ𝑛+1  = 𝜒 𝒹 𝑞ℎ𝑛−1,𝑝𝑞ℎ𝑛−2   

 ≤ 휂 𝒹 ℎ𝑛−1,𝑝ℎ𝑛−2  𝜒 𝑤 ℎ𝑛−1,𝑝ℎ𝑛−2   

≤ 휂 𝒹 ℎ𝑛−1,ℎ𝑛  𝜒 𝑤 ℎ𝑛−1,ℎ𝑛   

By using (2.16) we get 

𝑤 ℎ𝑛−1,ℎ𝑛 =  𝑤 ℎ𝑛−1,𝑝ℎ𝑛−2  

  = 𝑚𝑎𝑥  
𝒹 ℎ𝑛−1, 𝑞ℎ𝑛−1 𝒹(𝑝ℎ𝑛−2, 𝑞𝑝ℎ𝑛−2)

𝒹(ℎ𝑛−1,𝑝ℎ𝑛−2)
,𝒹(ℎ𝑛−1,𝑝ℎ𝑛−2)  

= 𝑚𝑎𝑥  
𝑑 ℎ𝑛−1,ℎ𝑛 𝑑(ℎ𝑛 , ℎ𝑛+1)

𝑑(ℎ𝑛−1,ℎ𝑛)
,𝒹(ℎ𝑛−1,ℎ𝑛)  

= 𝑚𝑎𝑥 𝒹(ℎ𝑛 ,ℎ𝑛+1),𝒹(ℎ𝑛−1,ℎ𝑛) , 

which implies, 

𝜒 𝒹 ℎ𝑛 ,ℎ𝑛+1  ≤ 휂 𝒹 ℎ𝑛−1,ℎ𝑛  𝜒 𝑚𝑎𝑥 𝒹(ℎ𝑛 ,ℎ𝑛+1),𝒹(ℎ𝑛−1,ℎ𝑛)   
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from (2.18) we have 

𝜒 𝒹 ℎ𝑛 ,ℎ𝑛+1  < 𝜒 𝑚𝑎𝑥 𝒹(ℎ𝑛 ,ℎ𝑛+1),𝒹(ℎ𝑛−1,ℎ𝑛)   

Case 1: If  𝒹 ℎ𝑛 ,ℎ𝑛+1 > 𝑑(ℎ𝑛−1,ℎ𝑛) then 𝜒 𝒹 ℎ𝑛 ,ℎ𝑛+1  < 𝜒 𝒹 ℎ𝑛 ,ℎ𝑛+1   

Which is not true 

Therefore 𝑚𝑎𝑥 𝒹(ℎ𝑛 ,ℎ𝑛+1),𝒹(ℎ𝑛−1,ℎ𝑛) = 𝒹(ℎ𝑛−1,ℎ𝑛) 

𝜒 𝒹 ℎ𝑛 ,ℎ𝑛+1  <  𝜒(𝒹 ℎ𝑛−1,ℎ𝑛 ) 

Then, it follows that  𝒹 ℎ𝑛 , ℎ𝑛+1  𝑛  is a monotone decreasing sequence of numbers consequently, there 

exists 𝛿 ≥ 0 such that lim𝑛→∞ 𝒹 ℎ𝑛 ,ℎ𝑛+1 = 𝛿. Suppose that 𝛿 > 0, then 

0 < 𝜒(𝛿) ≤ 𝜒 𝒹 ℎ𝑛 , ℎ𝑛+1  < 𝜒 𝒹(ℎ𝑛−1,ℎ𝑛)  

Taking limits as 𝑛 → ∞ above inequality yields 𝜒 𝛿 < 𝜒(𝛿) which is a contradiction. Therefore 𝛿 = 0, 

thus lim𝑛→∞ 𝒹 ℎ𝑛 ,ℎ𝑛+1 = 0                                                                      (2.19)             

Now, we show that  ℎ𝑛 𝑛  is a Cauchy sequence in H. Assume that  ℎ𝑛 𝑛  is not a Cauchy sequence, then 

there exists a 휃0 and subsequences  ℎ𝑎 𝒻  𝒻 
,  ℎ𝑏 𝒻  𝒻 

 of  ℎ𝑛 𝑛   with 𝑎 𝒻 > 𝑏 𝒻 > 𝑓 such that 

𝒹 ℎ𝑎 𝒻 , ℎ𝑏 𝒻  ≥  휃0 and 𝒹 ℎ𝑎 𝒻 −1,ℎ𝑏 𝒻  < 휃0 . 

from Lemma  1.3 we have 

lim𝑘→∞ 𝒹 ℎ𝑎 𝒻 −1,ℎ𝑏 𝒻 −1 =휃0                  (2.20) 

Inequality (2.17) gives us 

𝜒 휃0 ≤ 𝜒  𝒹 ℎ𝑎 𝒻 ,ℎ𝑏 𝒻   = 𝜒 𝒹(𝑞ℎ𝑎(𝒻)−1,𝑝𝑞ℎ𝑏 𝒻 −3)  

≤ 휂 𝒹(ℎ𝑎(𝒻)−1,𝑝ℎ𝑏 𝒻 −3) 𝜒 𝑤(ℎ𝑎(𝒻)−1,𝑝ℎ𝑏 𝒻 −3)  

≤ 휂 𝒹(ℎ𝑎(𝒻)−1,ℎ𝑏 𝒻 −1) 𝜒 𝑤(ℎ𝑎(𝒻)−1,ℎ𝑏 𝒻 −1)  

On the other hand, we have 

 𝑤 ℎ𝑎 𝒻 −1,ℎ𝑏 𝒻 −1 = 𝑤(ℎ𝑎(𝒻)−1,𝑝ℎ𝑏 𝒻 −3) 

= 𝑚𝑎𝑥  
𝒹 ℎ𝑎(𝒻)−1, 𝑞ℎ𝑎(𝒻)−1 𝒹(𝑝ℎ𝑏(𝒻)−3, 𝑞𝑝ℎ𝑏(𝒻)−3)

𝒹(ℎ𝑎(𝒻)−1,𝑝ℎ𝑏(𝒻)−3)
,𝑑(ℎ𝑎(𝒻)−1,𝑝ℎ𝑏(𝒻)−3)  

= 𝑚𝑎𝑥  
𝒹 ℎ𝑎(𝒻)−1,ℎ𝑎(𝒻) 𝒹(𝑝ℎ𝑏(𝒻)−1,ℎ𝑏(𝒻))

𝒹(ℎ𝑎(𝒻)−1,ℎ𝑏(𝒻)−1)
, 𝑑(ℎ𝑎(𝒻)−1,ℎ𝑏(𝒻)−1)  
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Now, by taking Upper limit as 𝑘 → ∞ and using (2.19) and (2.20), we have 

𝜒 휃0 < 𝜒(𝑚𝑎𝑥 0,휃0) = 𝜒 휃0  

Which is a contradiction. Hence  ℎ𝑛 𝑛  is a Cauchy sequence in the complete metric space (𝐻,𝒹). 

Thus, there exist 𝑦0 ∈ 𝐻 such that lim𝑛→∞ ℎ𝑛 = 𝑦0.  

Furthermore, 𝑝ℎ𝑛−1 =  ℎ𝑛+1 [by definition] 

Since 𝑝 is continuous lim𝑛→∞ 𝑝ℎ𝑛−1 =  lim𝑛→∞ ℎ𝑛+1 

 𝑝 lim
𝑛→∞

ℎ𝑛−1 =  lim
𝑛→∞

ℎ𝑛+1 

𝑝𝑦0 = 𝑦0 

Similarly 𝑞𝑦0 = 𝑦0. 

Now 𝑦0 is a common fixed point of 𝑝& 𝑞. 

 If there is another fixed point 𝑦1 of 𝑝 & 𝑞 with 𝑦0 ≠ 𝑦1 , then 

𝜒 𝒹  𝑦0,𝑦1  = 𝜒 𝒹  𝑞𝑦0,𝑝𝑦1  = 𝜒 𝒹  𝑞𝑦0,𝑝𝑞𝑦1   

≤ 휂 𝒹( 𝑦0,𝑝𝑦1 𝜒 𝑤( 𝑦0,𝑝𝑦1)  

≤ 휂 𝒹( 𝑦0,𝑦1 𝜒 𝑤( 𝑦0,𝑦1)                                               (2.21)                                                                       

Where 

𝑤  𝑦0,𝑦1 = 𝑤( 𝑦0,𝑝𝑦1) = 𝑚𝑎𝑥  
𝒹  𝑦0, 𝑞𝑦0 𝒹( 𝑝𝑦1, 𝑞𝑝𝑦1)

𝒹( 𝑦0,𝑝𝑦1)
,𝒹( 𝑦0,𝑝𝑦1)  

= 𝑚𝑎𝑥  
𝒹  𝑦0,𝑦0 𝒹( 𝑝𝑦1,𝑦1)

𝒹( 𝑦0,𝑦1)
,𝒹( 𝑦0,𝑦1)  

= 𝑚𝑎𝑥 0,𝒹( 𝑦0,𝑦1) = 𝒹( 𝑦0,𝑦1) 

From (2.21) & (2.22) we get                                                                                                   (2.22) 

𝜒 𝒹  𝑦0,𝑦1  < 𝜒 𝒹  𝑦0,𝑦1   

Which is a contradiction to our assumption. Hence  𝑦0 is the unique common fixed point of 𝑝 & 𝑞 in 𝐻 
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