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Abstract:

Graph coloring and domination are the two fields of graph theory that have
numerous applications in the field of computer science and biological networks. An
area attained by merging the graph coloring and domination known as dominator
coloring of a graph. It is well-defined as a proper coloring of vertices where each
vertex of graph governs all vertices in an atleast 1 color class. The least number of
colors is essential for a dominator coloring of a graph known as dominator
chromatic number. The dominator chromatic number for central and middle graph
of the closed Helm graph is obtained and a relationship between them is expressed
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in this paper.
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1.INTRODUCTION

A dominating set is a subset D of the vertex or node
set of graph G in which each node either belongs to
D, or has a neighbour in D, [1]. The domination
number y(G) is the cardinality of a smallest
dominating set of G[1]. It is applied for routing and
sending data among the nodes in the network (which
include military communications, emergency
systems and disaster recovery etc.). Domination in
graphs has applications in facility location problems,
where the number of facilities has to be fixed (e.g.,
hospitals, fire stations) for optimizing minimum
transportation cost, providing equitable service to
customers etc.. The dominating sets play a
significant role in an area of the human Protein-
Protein Interaction (PPI) network in which it identify
the proteins set that are contained in significant
biological methods and mechanisms vital for cell
vitality and drug target.

A proper coloring of a graph G is a function
f:V > Z,such that for w,veV, f(u) #f(v)
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whenever u and v adjacent nodes in G. One of the
applications of graph coloring in real life problems is
allocation of gates for flights without time conflict.
Graph coloring techniques are used in biological
networks in specific to PPl networks. The vertex
coloring information helps to improve the quality
i.e., homogeneity and separation of initial protein
complexes and this finding help to improve existing
protein complex detection methods. Graph coloring
techniques are also applied to biological networks
specifically to protein-protein interaction (PPI)
networks.

A dominator coloring of a graph G is a proper
coloring of graph such that every node or vertex of
G dominates all nodes of at least one color class. The
minimum cardinality of colors used in the graph for
dominator coloring is called the dominator coloring
number denoted by yy (G). [2]. Since dominator
coloring is mixture of domination and coloring
graphs which is used in PPl networks, facility
location problems etc..
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Gera in 2006 introduced the concept dominator
coloring [2].The relationship between domination
number, chromatic number and dominator chromatic
number of various graphs were shown in [3], [4],
[5]. The dominator coloring of prism graph, m-
splitting graph and m-shadow graph of path graph,
closed Sun graph, closed Helm graph, generalized
Flower Snark, Triangular belt, Alternate Triangular
belt, central graph, middle and total graphs, etc. were
also studied in various papers[6], [7], [8], [9], [10],
[11].

A closed Helm graph denoted by CH,is
constructed from the Helm graph by joining its outer
vertices. It has 2n+1 vertices and 4n edges. The
middle graph of a closed Helm graph M(CH,) is
obtained by the subdivision of each edge of CH,
exactly once and connected by edge of all newly
merged nodes of adjacent edges of CH,. It have
6n+1 vertices and 8n edges.

The dominator coloring number of middle and
central of closed Helm graph are obtained and a
relationship between them is expressed in this paper.

2. DOMINATOR COLORING NUMBER OF
MIDDLE AND CENTRAL GRAPH OF
CLOSED HELM GRAPH

Proposition 2.1: Every closed Helm graph denoted
by CH,,where n > 4 and n is even, has dominator
chromatic numbery, (CH,) = [g] + 3.

Proposition 2.2: Every closed Helm graph denoted
by CH,where n > 5 and n is odd, has dominator
chromatic

number y,;(CH,) =

E] +3 whenn(mod 3) = 1
E] + 4 whenn(mod 3) =0 or 2

Theorem 2.3: If M(CH,,) is the middle graph of
closed Helm graph CH,, then for n = 5 its dominator
coloring number
3 E] + 3 whennis even

is x4 (M(CH,)) = : ‘
3 [E] +1 whennisodd
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Proof:

Let the node set and edge set of the closed Helm
graph CH,, be

V={wlu{v,u,/1<i<n}

E = {vyv,,uyu, } U {vivj, wu/ 1<i<n-— 1,}u
{fuv;,wr;/ 1 <i<n}.

The middle graph of a closed Helm graph M(CH,,)
IS obtained by the subdivision of each edge of CH,,
exactly once and connecting by an edge of all the
newly added nodes of adjacent edges of CH,,.

Let the new nodes obtained by the subdivision of
edges E(CH,) be {x;,v;,z;,t; /1 < i < n}.

The node set and edge set of the middle graph of the
closed Helm graph M (CH,,)are

V(M(CH,)) = W} {w, vy, x;, 5,2t/ 1 < i < n}
E(M(CH,)

= {witi, Wiz, 2V, VY, ViXi, XiW, X2, XV, Ziti, ZiYi
/1<i<n}

U {tnul' t1tn, Yn V1, Y1Vns X1 Xn, tr 21, ynzl}

U {tiuiy1, tiZigr, titint, YiVir, YiZivn, Yidiv 1 XiXig1
/1<i<n-1}

The procedure below explains the dominator
coloring of nodes for middle graph of closed Helm
graph

Case 1: When n(mod 3) = 0

For 1 <i <n, the nodes w,u;, v; are painted with
color land the nodes x; are given color i+ 1

respectively. For 1 <i < 3, the nodes ¢t; z; are
painted with color i+1land n+i+1
respectively.For ~ 1<i< EJ the  nodes
V3i—2,Y3i—1,Y3; are painted with color 4, 2,
3respectively. For1 <i < EJ —1, the nodes
Z3i41, Z3i42, Z3i4+3 are painted with color 2, 3,
4respectively. For 1<i < EJ — 1, the nodes

t3i+1, t3i42, t3i43 are painted with color n + 3 H +
2,2,n+3 H + 3 respectively when i is odd and

with color 4,n + 3 H + 4, 3 respectively when i is

even .
The nodes w, x; aredominated by color classn + 1.
Then for 1<i<3 the nodesu;,v,t;y;, zare
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dominated by color classn+i+ 1. For 4 <i<n
the nodesv;, y;, z;are dominated by color class i +

1.  And 1Sisl%J—2the

Upit2, Upis3, taito, tai43are dominated by color class
n+4+i. The nodes u,, t, dominate color class

for nodes

3 E] + 3 when n is even.

Every neighbouring node is given different color
and also it is observed that every node of the graph
dominates all the nodes of atleast one color class.
Thus it is a dominator coloring of nodes.

Case 2: When n(mod 3) = 1

For 1 <i <n, the nodes w,u;, v; are painted with
color land the nodes x; are given color i+ 1
respectively. For 1 <i <3, the nodes ¢t;z are
painted with color i+1land n+i+1
respectively. For 1<i< Ejl the nodes
V3i—2, Y3i—1,Y3;are painted with color 4, 2,
3respectively. The nodes y,_,, y,are painted with
color 2, 3respectively and the nodes y, _3,v,_;are
painted with color 4. For1 <i < EJ — 2, the nodes
Z3i41,Z3i42, Z3i+3 are painted with color 2, 3,
4respectively. The nodes z,_3, z,are painted with
color 2 and the nodes z,_,,z,_iare painted with

color 3 respectively. For1 <i < BJ — 2, the nodes
t3i+1, t3i42, t3i43 are painted with color n + 3 H +
2,2,n+3 H + 3 respectively when i is odd and

with color 4,n + 3 H + 4, 3 respectively when i is
even. The nodes t,,_3, t,,_7, t,_1, tyare painted with
color3 E] ,2,3 [;—l] + 1, 4 respectively when n is odd

and with color 4, 3 E] +2, 43 E] + 3 respectively
when n is even.

The nodes w, x; aredominated by color classn + 1.
Then for 1<i<3 the nodesu;,v,t;y;,zare
dominated by color class n+i+ 1. For 4 <i<n
the nodesv;, y;, z;are dominated by color class +1 .

And 1<i<|5|-2the
Upiyo, Upit3, tait, tri3are dominated by color class

for nodes
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n+4+i. The nodes u,, t, dominate color class
3 [%] + 3 when n is even.

Every neighbouring node is given different color
and also it is observed that every node of the graph
dominates all the nodes of atleast one color class.
Thus it is a dominator coloring of nodes.

Case 3: When n(mod 3) = 2

For 1 <i < n, the nodes w,u;, v; are painted with
color land the nodes x; are given color i+ 1
respectively. For 1 <i <3, the nodes ¢t;z are
painted with color i+1land n+4+i+1

respectively.  For 15i§l§]'1’ the  nodes

V3i—2,Y3i—1,Y3;are  painted with color 4, 2,
3respectively. The nodes y,_1,y,are painted with

color 4, 3respectively. Forl <i < EJ —1, the

nodes z3;.1, Z3;42, Z3i+3 are painted with color 2, 3,
4respectively. The nodes z,_q,z,are painted with

color 2 respectively. For1 <i < EJ — 2, the nodes
t3i+1, t3i42, t3i43 are painted with color n 4+ 3 H +
2,2,n+3 H + 3 respectively when i is odd and

with color 4,n + 3 H + 4, 3 respectively when i is
The

color3[%]+1,4 respectively when n is odd and

even. nodes t,_q,t,are painted with

with color 4,3 E] + 3 respectively when n is even.
The nodes w, x; aredominated by color classn + 1.
Then for 1<i<3 the nodesu;,v,t;y,, zare
dominated by color classn+i+ 1. For 4 <i<n
the nodesv;, y;, z;are dominated by color class +1 .
And 1<i< |5 -2the
2

Upiyo, Upis3, taita, trip3are dominated by color class
n+ 4 +i. The nodes u,, t, dominate color class

for nodes

3 E] + 3 when n is even.

Every neighbouring node is given different color
and also it is observed that every node of the graph
dominates all the nodes of atleast one color class.
Thus it is a dominator coloring of nodes.

6230



"TIEST

Engineering & Management

Thus the dominator coloring number of middle
graph of

CHyisy ,(M(CH,)) =
3 [g] + 3 whennis even

3 [%] +1 whennisodd .

Theorem 2.4: If C(CH,) is the central graph of
closed Helm graph CH,then its dominator coloring

' 2n whenn = 4
number is y (C(CHn)) = {Zn +1 whenn=3

Proof:

Let the node set and edge set of the closed Helm
graph CH,, be

V(CH,)) ={w}u{v,u; /1<i<n}

E(CH,) = {vivy, wmyu,} U {viyy, wy/ 1<i <
n—1, Vuivi, woi/ 1<i<n.

The central graph of closed Helm graph denoted by
C(CH,)is obtained by the subdivision of each edge
of CH,, exactly once and connecting by an edge all
the non-adjacent nodes of CH,, in the central graph
of closed Helm graph C(CH,,).

Let the new nodes obtained by the subdivision of
edges E(CH,) be {x;,v;,z;,t; / 1 < i < n}.
The node set and edge set of the central graph of the
closed Helm graph C(CH,,)are
V(C(CHY)) = {w} U {w, vy, x, 5,2z, t;/ 1 <i<n}
E(C(CHy) = {w;ty, wiz;, v, vy, vix,wx; /1<
= Tl} U {tnull ynvl}
U{tiuiy, yivipr/1<i<n—-1}
U E(CH,)¢
The procedure below explains the dominator
coloring of nodes for central graph of closed Helm
graph
Case 1: Whenn > 4

The node w is painted with colorn + 1. For1 <
i <n , the nodes x;, y;are painted with color 1 and
the nodes v;are painted with color n + i respectively.

For 1 <i < l‘;iJ, the nodes tZi—l' tZi' Zoi—1, Z7i are

painted with color 2 when i is odd and color 1 when
i is even. When n is odd, the nodes t,,, z, are given

color2.For1 <i < E] , the nodes u,;_are painted
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with color EJ +iand for 1 <i< BJ the nodes

u,;are painted with color i.

The node w dominates color classn. Forl <i <

[g] , the nodes u,;_;dominate color class BJ +iand

for 1<i< BJ the nodes u,;dominate color class

2n —i when i is odd and color class 2n—i—1
when i is even. For1<i <n-1, the
nodes v;,1,Yi+1,Zi+1 dominate color classn + i +

1.For1<i < E] — 1, the nodes t,;, t;; ;dominate

color class [%J + i+ 1. The nodes vy, y; dominate
color class 2n,n + 2 respectively. And the nodes
z1,t; dominate color class BJ +1.Fori1<i<n,
the nodes x; dominate color class n + i.

Every neighbouring node is given different color
and also it is observed that every node of the graph
dominates all the nodes of atleast one color class.
Hence it is a dominator coloring of nodes and the
dominator coloring number of central graph of

closed Helm graph is y , (C(CH,)) = 2n.

Case 2: Whenn = 3

The node w is painted with color 1. For1 <i <3,
the nodest;, x;, y;, z;are painted with color 7 and the
nodes u;, v;are painted with colori, i+
3respectively.

The node w dominates color classn. For1 <i <3,
the nodes v;, x;, y;, z;dominate color class i + 3 and
for 1 <i <2, the nodes t;, u;,;dominate color
classi + 1 respectively. The nodes t3,u; dominate
color class 3, 6 respectively.

Every neighbouring node is given different color
and also it is observed that every node of the graph
dominates all the nodes of atleast one color class.
Hence it is a dominator coloring of nodes and the
dominator coloring number of central graph of

closed Helm graph is y , (C(CH,)) = 2n + 1.
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Hence the dominator coloring number of central
graph of closed Helm graph is x,(C(CH,)) =

{Zn whenn > 4
2n+1 whenn =3

Corollary 2.5: If M(CH,,) is the middle graph of
closed Helm graph CH,, thenfor everyn > 4 the
closed Helm graph satisfies the relation

xq(CH,) +n+ EJ —1 whennisodd

Xa(CH,) +n+ 3]

Corollary 2.6:1f C(CH,) is the central graph of
closed Helm graph CH, thenfor everyn > 4 the
closed Helm graph satisfies the relation

xa(C(CH,)) =

when n is even

f)(d(CH)+n+4H—3 Whenn(mod6)_00r1
!Xd(CH)+n+4H—2 when n(mod 6) = 2 or 3
\)(d(CH )+n+4[ J—l when n(mod 6) = 4o0r 5 11.

Corollary 2.7: If M(CH,,), C(CH,,) are the middle
graph and the central graph of the closed Helm graph
CH, thenfor everyn > 4 x,(C(CH,)) =
YaAMCHn+n—12-2
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