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Abstract:

To discover the actual route and to determine the position of a vertex in the network, we need
to select the landmarks by making certain local measurement at the smallest subsets of the
nodes. Since each of these measurements are potentially quite costly, the objective here is to
minimize the number of measurements which still discover the whole graph. A subset S of
vertices of a graph G is called a rational resolving set of G if for each pair u,v € V — S, there
is a vertex s € S such that d(u/s) # d(v/s), where d(x/s) denotes the mean of the
distances from the vertex s to all those y € N[x]. A rational resolving set denoted by 7, set,
having minimum cardinality is a rational metric basis and its cardinality is the lower 7,
number, denoted by [, (G). The maximum cardinality of a minimal 7. setis called the upper
7 number of G, denoted by w,. (G). Inthis paper varieties of minimal rational resolving sets of a
graph G are defined on the basis of its compliments, called the lower and upper 7., %, R,, Ry
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8 1. INTRODUCTION

Due to the global exponential growth, it is hard to obtain
the accurate map of the internet and such networks are
represented by a graph with nodes and links, is a
prerequisite when investigating the properties of internet.
To discover the actual route and to determine the position
of a vertex in the network, we need to select the
landmarks by making certain local measurement at the
smallest subsets of the nodes. Since each of these
measurements are potentially quite costly, the objective
here is to minimize the number of measurements which
still discover the whole graph. We formulate this problem
by defining the rational metric dimension in such a way
that the distance of the vertex from the landmark and the
distances of its neighborhood vertices from the landmark
are considered.

For each vertex u of a the graph G, N(u) = {x: ux €
E(G)} denotes the open neighborhood of u and N[u] =
N(w) U {u} denotes the closed neighborhood of u. Let
d(u,v) be the length of a shortest path between u and v.
We use the standard terminology, the terms not defined
here may be found in [1, 3].

All the graphs considered here are undirected, finite,
connected and simple. A subset S of the vertex set V of a
connected graph G is said to be a resolving set of G if for
every pair of vertices u, veV —S there exists a
vertex w € S such that d(u,w) #d(v,w). The
minimum cardinality of a resolving set S of G is called
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the metric dimension of a graph G and is denoted by
B(G). The metric dimension was defined by F. Harary
and R. A. Melter [2], and indepently by P. J. Slater [6]. B.
Sooryanarayana et al. [8, 9] obtained many results on
metric dimension.

In 2014, A. Raghavendra et al. [7] introduced rational
metric dimension of graphs. M. M. Padma and M.
Jayalakshmi [4, 5], introduced the concept of r., 1", R,,
R; sets of graphs. Wong and Copper-smith [10] defined a
circulant graph as a generalization to the double loop
network and is used for the design of computer and
communication network due to its optimal fault tolerance
and routing capabilities. In this paper, various classes of
rational resolving sets and rational metric dimension for
the circulant graph C,(1,2,...,k) for certain k are
discussed.

8§ 2. On classes of rational resolving sets of a graph
Consider a graph G(V,E). For u € V, associate a vector
with respect to a subset S = {s;, s,, s3,...,5¢} of V, by

rw/S) =0 /sy, d/sz),.,dW/sy)),
_ ZuieN[u]d(uirV) . .

d(u/v) = ——————. Then the subset S is said to be a

deg(u)+1

rational resolving set which is also called an 7. set if
I'(x/S)+T(y/S) for all x,y € V—S. The minimum
cardinality of a rational resolving set S is called the
rational metric dimension and is denoted by rmd(G) or
L, (G). An 7. set of G is said to be minimal if no subset of

where
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it is an r;. set. Clearly minimum cardinality of a minimal
7. set is L, (G), also called the lower 7. number and the
maximum cardinality of a minimal . set of graph G is
called the upper 7. number of G, denoted by u, (G). A
subset S of V (G) is said to be an ;" set if Sisan r. set
and S =V —S is also an 7, set. The minimum and the
maximum cardinality of a minimal - set of graph G are
called, respectively, the lower " number and upper 7"
number of G and are denoted by [,:(G) and u,:(G). A
subset S of V(G) is said to be an R,- set if S an r;. set and
S is not an 7. set. The minimum and maximum
cardinality of a minimal R, sets of G are called,
respectively, the lower and upper R,- number of G and are
denoted by lg (G) and ug (G). A subset S of V(G) is

said to be an R;: set if both S and S are not 7, sets. The
minimum and maximum cardinality of a minimal R;
sets of G are called, respectively, lower and upper Ry
number of G and are denoted by g+ (G) and ug: (G).

8§ 3. On classes of rational resolving sets of power of a
cycle

Let vy,v,,...,v, be the vertices of the cycle C, on
n vertices in order. The k™ power of the graph G,
denoted by G¥, defined on vertex set of G and two
distinct vertices u and v of G are adjacent in G* if and
only if their distance in G is at most k. Circulant graph
C,(1,2,3,...,k)is k" power of a cycle C, with the
vertex set V(CX) = V(C,) = {v1, vz, ..., U}

Remark 3.1. The graph C¥ is defined for any k € Z* and
Cck = ck+1 = K, whenever k > EJ (dia(Cn) = EJ) If
k=1, then C¥ = C, and ifk = EJ that is k :2 when
niseven; k= ”T_l when n is odd, then C¥ = K,, and in

both the cases 7., 7", R,, R, are discussed in article [4] -
For any graph G, we use the convention that if any of
1., 17, R, Ry sets does not exist, then their cardinality is
zero.

Lemma 3.2. For the graph Cf., , rmd(Cfics,) = 7.

Proof. Let n = 2k + 2 and v, be any vertex of C¥. Then

d(vy,v;) =1 for every i with 2 < i <n except i = nzi

and d(vq, vn+2) = 2 which implies,
2

( 2k =1
2k+1 TP
d(vi/v) =<2k +2 " . n+2
12k+1 VT
1, otherwise

Hence d(v;/v;) remains same for n — 2 vertices except
for i =1, §+ 1. Let v; # v, be any other vertex. Then
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d(v;/vj) is the same for n — 2 vertices except for i = j,
j+ % which implies I'(v;/{v4,v;}) remains same for n —
4 vertices. Continuing in a similar way minimum %

number of vertices are required to rational resolve CY.
Thus any subset of V(CF) containing 2 vertices can

rational resolve C} and is minimal. Hence rmd(Ck) = ~.
Theorem 3.3. For the graph C} with k = nz;z

L 1, (6 = (G =7

il L (CF) =unp (G = 7.

iii. 1 (CK) = ug (CK) = g +1.

V. Lg:(CE) = up: (CK) = 0.

Proof. Let k= nT_z

i. From Lemma 3.2, any subset of V(C}) containing %

vertices can rational resolve C¥ and is minimal with

minimum and maximum cardinality. Hence
n

lrr(Crlf) = Uy, (Crllc) =7

2

ii. Any subset of V(CK) containing g number of
vertices are required to rational resolve C¥. So for
any subset S of V(Ck) containing g elements, S will
also contain g vertices. Therefore both S and S are 7;
sets with minimum and maximum cardinality and
hence L+ (CX) = w,:(CK) = %

iii. From Lemma 3.2, any r; set has to contain minimum
g elements, if S contain §+ 1 elements, then S will
contain less than g elements which imply S is an 7.

set and S is not an 7, set. Therefore S is a minimal
R, set with minimum and maximum cardinality and
hence Lp, (CX) = ug, (CK) = 7+ 1.

iv. From Lemma 3.2, a subset of V(C¥) containing
minimum g elements is an n. set. Hence for any
subset S of V(C)), either S or S contain minimum %

elements, so that, Sor S is an 7, set. Therefore, there
exists no Ry set for CY, which imply lg:(C¥) =
ug:(CX) = 0.

Lemma 3.4. For any integer n >4, rmd(C?) =
n—1 ifn=4,5.
3 if n=6.
2 if n>6.

Proof. Follows with various values of n. If n = 4, 5, then
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C? =K,, a complete graph and its rational metric
dimension is discussed in [4]. If n = 6, then n = 2k + 2

and hence by the Lemma 3.2, rmd(C?2) = g = 3. For
n > 6, the following cases arises.

Casei: n=1,2,3(mod 4).

In this case, d(vq, v;) < d(vq, vi—1) and d(vq, v;_;) <
d(vy, v;) for every i with 3 < i < [2| + 1, which imply
d(v;/v,) is strictly increasing for every i with 2 <i <
%] and by symmetry d(vi/vy) = dWn-(i-z/v1) for
every i with 2 <i < E] Hence minimum two vertices
are required to rational resolve C;Z and for any vj, j # 1,
I'(v;/{vy,v;}) is different for distinct v;’s. Therefore,
rmd(C?) = 2.

Case ii: n = 0(mod 4).

In this case, d(vq, v;) < d(vy, vi—1) and d(vq, vi_,) <
d(vy, v;) for every i with3 <i <=+ 1, which imply
d(v;/ vy) is strictly increasing for every i with 1 <i <
%- By symmetry d(v;/ v1) = d(vn_(i_z)/vl) for every i
with 2 <i < % which imply minimum two vertices are
required to rational resolve C? and d(vg/V1)= d(v§+1/

v1)= d(vg.}.z/vl)’
diagonally opposite vertices of C, cannot resolve C?2.
Also for any v;, which is not adjacent to v, in C, or not
diagonally opposite to vy, I'(v;/{vy,v;}) remains
different for all vi’s. Therefore rmd(C?) = 2.

imply two adjacent vertices or

Theorem 3.5. For the graph C?, with n > 6andn =
1,2,3 (mod 4),

i L (G =u, (D) = 2.

i L(CH) = up(CH) =2

iii. 1R (C8) =ug (C}) =n-—1.

iv. 1g:(CE) = ug:(C7) = 0.

Proof: Whenn =1, 2,3 (mod 4),

i.  Any subset of V(C?2) containing two vertices can

rational resolve C2? and is minimal with minimum
and maximum cardinality. Hence lrr(Crf) =

u, (C7) = 2.

ii. Any subset of V(C2) containing two vertices are
required to rational resolve C2, for any subset S of
V(€3 with |S|=2, S contain minimum two
vertices. Therefore both S and S are . sets and
hence S is minimal " set with minimum and
maximum cardinality, which imply [,.:(C3) =
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urr* (Cr%) = 2.

iii. Any r. set has to contain minimum two elements, if
S contain n — 1 elements then S will contain only
one element which imply S is an 7 set and S is not
an 7. set. ThereforeS is a minimal R, set with
minimum and maximum cardinality and hence
lr, (CD) = ug,(C}) =n—2.

iv. Any 7. set has to contain minimum two elements, for
any subset S of V(C2), either S or S contain
minimum two vertices. Therefore there exists no R;.
set for CZ and hence I (CZ) = ug:(C7) = 0.

Theorem 3.5. For the graph CZ, with n > 6 and n =
0(mod 4).

i L (C) = un(CD) = 2.

i, 12 (C2) = u (C) =2

iii. Ig (CF) = ug (CF) =n—2.
V. Lgp(C2) = ugs(C3) = 0.
Proof: Whenn = 0(mod 4).

i. A subset of V(C?) containing two non adjacent
vertices of C, or non-diagonal vertices can rational
resolve C? and is minimal with minimum and
maximum cardinality. Hence 1, (CZ) = u,, (C}) =
2.

ii. A subset of V(C?) containing two non adjacent
vertices of C, or non diagonal vertices are required
to rational resolve C2, if S is such a subset of V(C2)
then S contain minimum two non adjacent vertices
of C,,. Therefore both S and S are 7 sets and hence
S is a minimal r* set with minimum and maximum
cardinality which imply 1,:(C3) = u,.:(C}) = 2.

iii. Any 7. set has to contain minimum two non adjacent
vertices of C,, or non diagonal vertices, if S =
{vi, V3, ...,Vn_2 }, Which contain n—2 elements
then S = {v,_y v,}. Therefore S is an 7 set and S is
not an r. set and hence S is a minimal R, set with
minimum and maximum cardinality which imply
g, (C3) = up (C2) =n—2.

iv. Any . set has to contain minimum two non adjacent
vertices of C, or non diagonal elements, for any

subset S of V(C?), either S or S can not contain
such two vertices. Therefore there exists no Ry set
for CZ and hence Iz (CZ) = ug:(C7) = 0.

Lemma 3.6. For any integer n = 6,
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n—1 if n=6,7.
rmd (C3) =14 if n=8.
2 if n>8.

Proof: If n =6,7 then C3 = K,, and its rational metric
dimension is discussed in [4]. If n =8 then n =2k +
2, hence by the Lemma 3.2, rmd(C7) =~ =4. Ifn=9
then rmd (C2) = 2 from Figure 1. If n > 9 the following
cases arises.

Case i:
3(mod 6).
Here d(v;/v,) is strictly increasing and by symmetry
d(; /v1) = d(vp_(—2)/ v1) for every i with 2 < i<
n .. - - .
H. Hence minimum two vertices are required to rational
resolve C; and for any v, j#1, I'(v; /{vy,v;}) is
different for all v;'s. Therefore rmd(C2) = 2.

v, ( 6 8

\7'7)

(7 93 — ;;-:-\_ ) {7 g\‘

n= I(mod 6) or n=2(mod6) or n=

[2.2] vy g7
77) " <=7

4 Q

|3 /)
\7°7) V5 &<

Figure 1: The graph C3 and its 2-element rational metric
basis.

Case ii: n = 0,4(mod 6).
Here d(v;/v,) is strictly increasing and by symmetry
d(;/v1) = d(Vp—(i-2) / v1) Tor every i with 2 < i Sg

which imply minimum two vertices are required to
rational resolve C3. Also d(vn /v,) = d(wn,, /vy) =
2 2

d(vn,, / v1), Which imply two adjacent vertices of C,, or
2

two diagonally opposite vertices can not resolve C3.
Hence for any v;, which is not adjacent in C, or
diagonally opposite to vi, I'(v; /{v,,v;}) is different for all
v,s. Therefore rmd(C2) = 2.

Case iii: n = 5(mod6).

Here d(v;/v,) s strictly increasing and by
symmetry d(v;/v1) = d(vp—(i-2)/v1) for every i with

2<i< EJ which imply minimum two vertices are
required to rational resolve C2. Also, (vlﬁl/v1)=
2

d(vEJ"’l /v) = d(vlgl_'_z /v) = d(UEJ_'_3 / v1), which
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imply vertices v;, v; of C, with |j—i] <2 can not
resolve C3. Hence for any v;, With 2<]j—1|< EJ

I'(vj/{vy,v;}) is different for all Therefore
rmd(C3) = 2.

Theorem 3.7. For the graph C2, withn > 8,
Whenn =9,n =5 (mod 6)

i L (C3)=2,u,(C3) =3

i, 1 (C3) = 2 (C3) =3
i, 1p (C) =ug (€ =n-—2.
V. 1p:(C3) = up:(C3) = 0.
when n = 1, 2,3(mod 6),

i LG = u (G)) = 2.

i, L (C3) = upe (C3) = 2.

iii. g (C3) = up, (C3) =n—1.
V. 1p:(C3) = Ug:(C3) = 0.
and when n = 0,4(mod 6),

i LG =2u,(C3) =3.

i 1 (C3) = 2,4, (C) = 3.

iii. g (C3) =ug, (C3)=n-2.
V. 1 (C3) = up:(C3) = 0.

v;’s.

Proof. Consider the following cases:
Whenn =9,n =5 (mod 6).

i Any subset { v;, v;} of V(C,) with 2 < |j —i| < EJ
can resolve C2 and is minimal with minimum
cardinality which imply lrr(Cﬁ)z 2. Also
{vy,v,,v3 } is @ minimal 7. set with maximum
cardinality, which imply w,. (C3) = 3.

ii.  Any subset {v;, v;} of V(C,) with 2 < |j —i| < EJ
can resolve C3, if S is such a subset then S contain
two vertices which are at distance greater than 2, so

that both S and S are 7, set. Hence S is a minimal
1" set with minimum cardinality and therefore

L+ (C3) = 2. Also if S = {v;,v,,v5} then S is an
set and hence S is a minimal " set with maximum
cardinality and hence u,.: (C3) = 3.

ii. IfS={vy,vy .., v,_,}then S = {v,_4, 1,}, which
imply S is an ;. set and S is not an ;. set. Therefore
S is a minimal R, set with minimum and maximum
cardinality and hence I (C?) = ug (C3) = n— 2.
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iv. Any . set has to contain minimum two vertices as
mentioned in i, for a subset S of V(C3), either S or S
can not contain such two vertices. Therefore there
exists no R; set for Crf and hence [:(C3) =
uR;(Cr%) =0.

Whenn = 1, 2,3(mod 6).

i.  Any subset of V(C3) containing two vertices can
rational resolve C3 and is minimal with minimum
and maximum cardinality. Hence [, (C}) =

u, (C3) = 2.

ii. A subset of V(C2) containing two vertices is
required to rational resolve C3, for any subset S of
V(C3) with |S|=2, S contain minimum two
vertices. Therefore S is a minimal " set with
minimum and maximum cardinality and hence
lrr*(Cr?L’) = urr*(cr?l’) = 2.

iii. 1f asubsetS of V(C3) contain n — 1 elements then
S will contain only one element, which imply S is an
7. set and S is not an 7, set. Therefore S is a minimal

R, set with minimum and maximum cardinality and
hence Iz (C3) = ug,(C3) =n—1.

iv. For any subset S of V(C3), both § and S can not
contain less than two elements at the same time.
Therefore there exists no R;: set for C3 and hence
lR;(Cr?) = UR;(Cr?) = 0.

When n = 0,4(mod 6).

i.  Asubset containing two non adjacent, non diagonal
vertices of C,, can rational resolve C3 and is minimal
with minimum cardinality. Hence lrr(Cf;) = 2. Also
{vi1, vy, v§+1} is minimal r. set with maximum

cardinality which imply u,. (C3) = 3.

ii. A subset containing two non adjacent, non diagonal
vertices of C,, are required to rational resolve C23, if

S is such a subset then S contain minimum two non

adjacent vertices. Therefore both S and S are 7, sets

and hence S is an ¥ set with minimum cardinality

which imply 1:(C3) = 2. Also, if S ={v;, vy,

vn, ., } then S contain minimum two non adjacent
2

vertices. Therefore both Sand Sare 7. sets and
hence S is an " set with maximum cardinality
which imply ... (C3) = 3.

iii. Any 7 set has to contain minimum two non
adjacent, non diagonal vertices of C,, if S=
{vq,v,, ...,vp_2}, which contain n—2 elements
then S = {v,_1, v,}, which imply S is an 7. set
and S is not an r, set. Therefore S is a minimal R,
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set with minimum and maximum cardinality and
hence I (C3) = ug (C3) =n—2.

iv. For any subset of V(C2), either S or S contain non
adjacent vertices. Therefore there exists no R;- set for
C; and hence 1g:(C3) = ug:(C3) = 0.

Theorem 3.8. For the power graph CF with n>
3k rmd(CK) = 2.

Proof. Let v, be any vertex of C¥. Then rmd(Ck) > 1
as d(vi / v1) = d(vn—(i-2) / v1) for every i with 2 <
i <[2] Also d(vy, v) = d(vy, Vn_-z) =1 forall i
with 2<i<k+1, d(vq,v;) = d(Ul,Un_(i_z)) = 2 for
all i with k+2<i<2k+1. So, in general d(v;,
v) = d(vy, Vnog) = || for all i with (|-
Dk+2<i<|Zk+1 and dwy,v) = |2|+1 for
all i with |Z{k+2<i<n—|%|k so that n-—
2 lij k — 1 wvertices are at distance [11 + 1 from the
2k 2k

vertex wv;, which results, for ([%J—l)k+n—

2 l%] k—1=n- ([%J + 1) k—1=I(say) vertices
v; from v,, d(v;/v,) is strictly increasing. That is
d(vi/v,) is strictly increasing along with i for every i
with 2<i<![l+1 and may be equal to that of the
adjacent vertices for the remaining vertices. Choose vj,1
as the second vertex to rational resolve. Then by the
similar argument d(vyy;/vksq) IS strictly increasing
along with i for every i with 2 <i<2+1—1 where

k+2+1-1=k+1+n—(|2[+Dk—1=n-
l%J k and may be equal to that of the adjacent vertices
for the remaining vertices. Hence we have (v;/v;) =
d(Vn—(i—2)/v1), bUt (Vi /Viy1) # d(Vn_(i—2)/ Vi) TOr
every i with 2 <i < E] which imply I'(v;/{v1, v x41})
is different for all v;’s. Therefore rmd(CK) = 2.

Figure 2: The 2-element rational metric basis of C.
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§ 4. Conclusion and Scope

In the study of rational metric dimension various classes
of rational metric dimension of square and cube of a
cycle is obtained. Also the rational metric dimension of
power graph of a cycle C¥ whenn = 2k + 2 and n > 3k
iS obtained.

The following are some interesting problems for further
investigation.

Problem 1: For the power graph C} with 2k +3 <n <
3k — 1, determine the value of rmd(Ck).

Problem 2: For the power graph C} with n > 2k + 3,
determine  the value of w.(CK), 1:(C),

Ut (CX) 1, (CX), ug (CX), Lr:(CK), up:(CH).
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