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Let G = (V, E) be any graph.
dominating set of G if S is a detour and dominating set of G. In this paper we find
the detour domination number of some special graphs C,, © C,,, Middle graphs and
Also we characterize graphs with particular values for detour
domination numbers.

For a subset S <V (G) we define a detour
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I. INTRODUCTION

The graphs we consider here are finite graphs with
no loops and multiple edges. In a connected graph
G, for any two vertices u and v the detour distance
D(u,v) is the length of the longest u — v path in G.
A u — v path of length D(u,v) is called a u — v
detour. A vertex x is said to lie on a u — v detour P
if x is a vertex of a u — v detour path P including
the verticles u and v. A set SC V is called a
detour set if every vertex v in G lies on a detour
joining a pair of vertices of S. The detour number
dn(G) is called a minimum order of a detour set and
any detour set of order dn(G) is called a minimum
detour set of G In this paper , we investigate the
detour domination number of Middle graphs and
Inflated graphs.

Definition 1.1: A set S cV (G)is called a
dominating set of G if every vertex in V(G) — S is
adjacent to some vertex in S. The domination
number y(G) of G is the minimum order of its
dominating sets and any dominating set of order
y(G) is called a y-set of G. A detour domianating
set is a subset S of V(G) which is both a dominating
and a detour set of G.
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Definition 1.2: A detour dominating set S is said to
be minimum detour dominating set of G if there
exists no detour dominating set S° such that
IS'| < |S|. The smallest cardinality of a detour
dominating set of G is called the detour domination
number of G. It is denoted by y,;(G). Any detour
dominating set S of G of cardinality y,;(G) is called
a(y,d)-setof G.

Definition 1.3: The Middle graph M(G) of a graph
is the graph whose vertex set is V(G) U E(G) and
in which two vertices are adjacent if and only if
either they are adjacent edges of G or one is a vertex
of G and the other is an edge incident with it.

Definition 1.4: Let G be a graph with §(G) = 1, a
graph denoted by G; is obtained as follows: To each
u € V(G),a clique A, of order deg;u is obtained
and a bijection ®, : N(u) — A, is
constructed. &, (v)is denoted by v for all v € N (),
V(G1) = Uyer(s) Avand

E(G1) =€ Uyevc)E(4,) U uWv:wEG)}. v €
A,, u € A,. The graph G, is known as the Inflated
graph of G.
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Theorem 1.5: For the path ¢ = B, (p = 2),

p—4 .
}/d(G)={[T]+2 ifp=5
2 if p=230r4

Theorem 1.6: For the cycle G =C, (p = 6),
= |E
va(G) = [3]

I1. DETOUR DOMINATION NUMBER OF MIDDLE
GRAPHS

Theorem 2.1:Forn > 2,y,(M(B,)) = E] + 1.
Proof:

Figure 2.1
Letn =2, M(P) = P5, ¥4(M(Pp) = va(Ps) =
2=[%+1
Hence the result is true for n = 2.
Letn > 3. V(M(P,)) =
{vi, vy, ..
V1, Vg, ey Up—2,Vp_1, U, and ey, €5, ...
vertices and edges of B, respectively.
We prove the result in 2 cases.
Case 1:n is odd.
Here n — 1 is even.

, €,_1}Where
,€,_1 are the

yVn—2,Vn—-1,VUpn,€1,€7, ...

Being the end vertices, S; = {vy, v, } is contained in
every detour dominating set of M(P,). Further, they

dominate only the vertices vy, v,, e1,€,_1-
Further, S, = {e,, e4, €, ...
forms a y - set .

Hence, v4(M(P,)) = IS1] +|S;] = 2+

= [%] +1.
Case 2:n is even.
Proceeding as before,{v,,v,,e,,ea,, ...
vq- setof M(P,).

YaME)) =2+ =242-1=[%| +1.
Illustration 2.2:y4(M(P;;)) = 10 = [177] + 1.
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,en_1} together with S;

,en_2} IS a
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Ty Uy Upug U Uy Uy Uy Uy Ty By Uy T s Vg Dy
Figure 2.2
Here, S = {v1, 17, €3, €4, €6, €3, €10,€12, €14, €16} 152
Ya- set of M(P;;).
Hence, y4(M(P;;)) =S| =10 = [%] +1
Illustration 2.3:

Yd(M(Plz)) =7= [12—2] + 1.

g, g, €3 84 € & € € g Fu Fi

i i
vy Yy V3o ¥ Y6 7 Pg Wy Wy Py vy

Figure 2.3
Here, S = {171, €7, 8y,€q, Eg, 810‘1712} is a Ya- set of
(P12)
12
Hence, vo(M(Pp)) =ISI=7=[2|+ 1.
Theorem 2.4: Forn > 3,y,(M(C,)) = E]
Proof:

Figure 2.4

Letn > 3,

V(M(C,)) = {vy, V2, ) Vn_2) Vn_1, VU, €1, €2, -, €0}
where v;'s and e;’s represent the vertices and edges
of C,, respectively.

Obviously, {vi,v3, 05, ..., 1, } and
{vy,vs3, Vs, ...,v,_4} form the minimum detour
dominating set of M(C,,) according as n is odd or
even.
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Therefore,

if nisodd
— 2
vaM(C)) =4 4
o) if nis even
= Hfor alln > 3.
2

Illustration 2.5: v, (M (Cg)) = 4 = E]

Figure 2.5
{vy,v3, V5, v7}is a y4- set of (M(Cg).

Therefore, y,(M(Cg)) =4 = E] = [%]
lustration 2.6:

Yd (M(Cg)) =5= [gl

E7

Eg

Figure 2.6

{v1,v3, Us, V7, Vg }is a y4- set of M(Cy).

Hence, y4(M(Cy)) =5 = E]
Theorem 2.7: yq4 (M(Kl,n)) =n+1.

Proof:
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¥y vy ¥y U
Figure 2.7
From the figure, it is clear that S=

{vi,v2, .., V_2,Vy_1,v,} being the set of end
vertices is contained in every detour dominating set
of M(K,,). Further, S dominates all the vertices of
M(K,,) other than v. Hence, S U {v} and S U {e;}
are y4-sets of M(Ky ).

Therefore,y4 (M(Kl,n)) =ISl+1=n+1.
Theorem 2.8:

Ya(M(Dpo))) =m+n+ 1.
Proof :

Figure 2.8
Figure 2.8 representsM (D, ).
Let S = {uy,uy, ..., Uy, vy, vy, ..., v, }. Being the set
of end vertices, S is contained in every detour
dominating set of M(Dy, ).
Obviously, S’ =S U {enins1 } IS the unique y4-
set of M(D,,, )
Hence, yg(M(Dpn ) = IS = IS| + 1
=m+n+ 1.
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I11. DETOUR DOMINATION NUMBER OF INFLATED
GRAPHS

Theorem 3.1: y,(I(R,)) = [2?"]
Proof:
Inflated graph of B, is again a path on 2n — 2

vertices.
Therefore, by theorem 1.5,

Ya(I(B)) =va(Pyn_2) =2+ [

2+ 2 2] -

va(12)) = [2]

Remark 3.2:
For a path, the geodetic number is equal to the
detour number which is equal to 2. Any (G, D)-
set of P, is also a detour dominating set and vice
versa. Hence, y,;(B,) = y;(B,) forall n.

Remark 3.3:

Inflated graph C,, is again a cycle on 2n vertices.

Hence, by theorem 1.6, 4 (1(C,)) = y4(Cay)

-l

Theorem 3.4: v4(1(K,)) =n— 1.

2n—2—4]
3

Proof:

Figure 3.1
K, is a regular graph of degree n — 1. Hence, I(K,,)
contains n cliques with n —1 vertices. Let them be

K, 'K, 1% K,_13 .., K,_;". Consider one of the
cliques with n — 1 vertices, say K,_;'. Label the
vertices of this clique as vy, vy, ..., v,_1. Now, label

Published by: The Mattingley Publishing Co., Inc.
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the vertices adjacent to wvy,v,,..,v,—1 iIn the
remaining n —1 cliques as vyq, V21, ) Vin—1)1
........................... (1) as in figure 3.1. These
n — 1 vertices detour dominate all the vertices of
I(K,). Further, no set of less than n — 1 vertices
dominate all the vertices of I(K,). Therefore,
S = {v11, V21, -, V(n—1)1} IS @ detour dominating set
of minimum cardinality. So, Vd(I(Kn)) =|S| =
n—1.

llustration 3.5: v, (I(K;)) = 6.

Figure 3.2
From the figure 3.2, we have,y,(I(K;)) =6 =7 —
1.
Theorem 3.6y, (I(Kljn)) =n.

Proof: Let V(K; ,, Ju,= {u,v;/ i = 1 ton} where v
is the root vertex.

!
Awy —u

.
L]

@ Ay —

:
L]

!
Avg —u

Figure 3.3
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Now, label the vertices of I(K; ,,) along with the
clique name as in figure 3.3.

Here, S = {Av;, —u'/i =1 ton} be the end
vertex set of (K ,).

Therefore, S is contained in any y4-set of I(K; ,,).
Further, S dominates all the vertices of I(Ky,).
Therefore, S is a y4-set of (K, ).

Therefore, y4 (I(Kl,n)) =S| =n.
Theorem 3.7: Let D,,, denote the Double star.
Thenyy (I(Dmn)) =m+n +1.

Proof:
LetV(Dpnn) = {w, Uq, oo, Uy, U, V1, Vg, ..
and v as the central vertices.

, U dwith  u

!
Auy—u

Auﬂ—‘ul Aw, —3'
®. Av‘i—u‘
Ay, —v
Figure 3.4

Assume that m < n. As in previous theorem refer
the vertices along with the clique name in which
they appear.

Let S, = {Au; —u,Auy, —u, .., Au,, —u'} and
S, = {Av, —v ,Av, — v, ..., Av, — vV}

S, US,be the end vertex set ofl(Dy,,).
Therefore, S = S; U S, is contained in every detour
dominating set of I(D,,,). Clearly, SU {u'} and
Su{v'} are yg-sets of I(Dp,). Hence,

Yd (I(Dmn)) =m+n+ 1.

IV. CONCLUSION

In this paper we have analysed the detour
domination number of Middle graphs and Inflated
graphs. It is interesting to investigate further the
detour domination number of many other special
classes of graphs that are widely used in other areas
of research in graph theory.
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