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Abstract

New generalized two-step hybrid block methods with three off-step
points for direct solution of second order ordinary differential equations
are proposed. The locations of three off-step points in two-step interval
are obtained through permutation. The main continuous schemes are
derived by interpolating approximate solutions in the form of power
series at two points in a two-step interval while the second derivative of
the approximate solutions are collocated at all points in the given
interval. Basic properties of the method such as order, zero stability,
consistency and convergence are also established. The numerical results
show that the developed methods produce better accuracy than several
existing methods when solving the initial value problems of second
order ordinary differential equations.

1. Introduction

The following initial value problems

most of the previous direct hybrid block
methods were derived for specific off-step
points and can only approximate numerical

(IVPs) of second order ordinary differential
equations (ODEs) are considered in this

paper

vy =fGyy)y@ =m0,y (@ =m
and x € [a, b]. (1)

Equation (1) can be solved by
reduction methods ([1, 2]) but this approach
requires extra computation compared to
direct methods ([3]-[13]). It was noticed that
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solution of (1) at one step point at a time
([14] — [16]). Recently, Mansor et al.[17]
developed a two-step hybrid block method
with generalized one off-step point within
each step to find the direct solution of
second order ordinary differential equations.
Although this method is capable of finding
numerical solution and produces better
accuracy if compared to the previous
methods, it is only restricted to one off-step
point for each step in the given interval.
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This study, therefore, extends their work to
three off-step points. In addition, this study
also takes into account all possible
combinations ([18, 20]) of three off-step
points for solving second order ODESs which
has not been considered before.

2. Development of the Method

This section discusses the derivation of new
generalized two-step hybrid block methods
with three off-step points for solving second
order ordinary differential  equations
directly. All possible combinations of three-
off step points are obtained through
permutations as described in the following
section.

2.1. Permutations Involving Three Off-
Step Points

Consider a two-step interval containing the
initial step point, x,, the interior step point,
Xn+1 and the last step point, x, ., with off-
step POINtS x;, 4y, Xp g, Xn4r Where 0 < p <
q<r<2.

The first step in deriving the proposed
method is finding permutations all possible
combination of four points which are located

November-December 2019
ISSN: 0193-4120 Page No. 764 - 782

inside the interval (x,, X, 421, i.e
Xnt1) Xn4ps Xn4q @Nd  Xn4. In order to
determine all possible combination of

points, the following theorem is adopted.

Theorem 2.1 [20]. The number of
permutations of p objects of which p, are of
one kind, p, are of a second kind, ..., p, are
ofa kthkind,andp; +p, + -+ p, =pis

p!
Pl P!t ol

)

Based on the strategy previously described,
the number of off-step points (p;)
considered in this study is 3, the number of
interior step point (p,)is 2 and the total
number of points used inside the interval

(Xn, Xn42] isp = 4. Applying (2) yields

4!
TR
which  implies  that three-off  step
POINtS, Xy, 1y, X 44, Xn4+r With an interior step
point,x, .1 can be arranged in four distinct
combinations. All combinations can be
obtained by using Mathematic a code as
illustrated in the following figures.

l l l l l l
| | | | | 1
Xn Xn+p Xn+1 Xn+q Xn+r Xn+2
Figure 1: Combination 1: 0 < p<1<qg<r < 2.
| l l ] l l
| 1 | 1 | |
Xn Xn+p Xn+q Xn+1 Xn+r Xn+2
Figure 2: Combination2.0 <p<qg<1<r < 2.
765

Published by: The Mattingley Publishing Co., Inc.



TES'T

Engineering & Management

November-December 2019
ISSN: 0193-4120 Page No. 764 - 782

Xn Xn+p Xn+q Xn+r Xn+1 Xn+2
Figure 3: Combination3:0 <p <g <r <1.
l l l l l ]
| | | | 1 1
Xn Xn+1 Xn+p Xn+q Xn+r Xn+2

Figure 4: Combination4:1 <p <q <r <2.
2.2. Derivation of the Method

In this section, we will only demonstrate the
derivation of two-step hybrid block method
with three off-step points for Combination 1.
The derivation for the other three
combinations follows the same strategy.

Let the approximate solution of
Equation (1) be the power series polynomial
given by

i+c—1

o= (1) @

j=0

where x € (x,,, x,42] for n =0,2,4,...,N —
2, i is the number of interpolation points
which is equal to the order of differential
equation, c is the number of collocation at

Published by: The Mattingley Publishing Co., Inc.

all points in the interval and h = x,,,1 — x,
IS a constant step size for the partition of
interval [a,b] defined by a =x; < x; <
Xy < o< Xp < Xpyo < < Xy_p = b.

Now, differentiating Equation (3)
twice yields

y () =fxyy)=

i+c—1 e _ . (4)
Z af](]hZ 1) (X hxn)f 2_

j=2

Interpolating  Equation(3)  at x,,4;,
(j = 0,p) and collocating Equation(4) at all
points, ie x,4, (j=0,p1,4q,71,2)in
Combination 1 of two-step interval produces
eight equations which can be written in the
following matrix form
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1 0 0 O 0 0 0 0
1 pp p p p p° P y
i a n
0 0 2 0 0 0 0 0 a Yntp
0 0 iz 6_12) 12;292 20;293 30;294 42;295 a, fa
h2  hZ ok h h h
00 2 & 2z ow a2 lfa] |/ )
2 k2 R2 hZ RhZ R? ay far1 |
0 0 2 6g 12¢% 20¢° 30q* 42¢° as fn+q
h2  hZ  h2  h2 K2 K2 ag f
2 er 1202 200 30rt 42r8 |\, ntr
0 0 h_Z h_2 h2 K2 h2 h2 7 fn+2
2 12 48 160 480 1344
00 2 & ¥ = = »
Solving for a;, (j =0,1,...,7) in Equation a continuous implicit hybrid two-step
(5) using Gaussian elimination and scr_]eme with generalised three off-step
substitute these values in Equation (3) gives points below
y(x) = Z o (x)yn+] + z B] (x)fn+] + Z ﬁ] (x)fn+] (6)
j=0p j=p.q.r

whose first derivative is

Y@=y @ +Za B+ Y B @f. O

j=0p j=p.ar
Equation (6) is evaluated at the non- points and its derivative at x,,. The discrete
interpolating  points, ie atx,,, (= scheme and its derivative at x,are then
1,q,7,2) while Equation (7) is evaluated at combined simultaneously to give a main
all points, i.e atx,,;, G =0,p,1,q,7,2) to block of new method in a matrix form as
produce a discrete implicit hybrid two-step follows

scheme with generalised three off-step

231521312 _ 231 p2[3l2 4 p2(3ls p2[3ls | 12 [n2(3 []2 231 p2[312
azply il — plsh gl 4 pESR IR 4 p [ ZR R 4 B2 R4(1)] (8)
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where ,
Vn+p Yn—4 y,n_4 fn—4 fn+p
23] Yn+1 23] Yn-3 23] y’n—3 f 3] fn+1
Ym(1)2:|yn+q ,R1(1)2=|yn_2 'Rz(l)zz y,n—z 3(1) |fn 4(1)2_ fn+q|
\yn+r \yn—l yn—l \fn—l fn+r/
e g v, f foc:
_ 1)
L1 100 0 0000 &
14 p
2 010 0 000 o &
14 14
2[3], _ | X 23] (p-1)
af=175 00 1 01 pM=10 00 0 2
200 0 1 00 0 o &2
p P
-t -1
™ 0 0 0 O 0 0 O -
0000 O 0 0 0 0 Dis
s 0000 0) 0 0 0 0 Dy
2B —lo 0 0 0 o [.Df=]0 0 0 0 Dy |,
\00000/ \0000045
000 0 —1 0 0 0 0 Ds

Note: The elements of D(1) and E(Zl[f are given in Appendix A.

Multiplying Equation (8) by the inverse of A2[3)2 gives a new generalized two-step hybrid block
with three off-step points based on Combination 1 as below

232 2031 _ p20312 p213la | p23L p23la | p2 R2BL2 | F2B3L2 p2(3l2

lay Ymesy' Bl(l) Riwy * B2 Rz(l) +h [D(l) 3a1) +E(1) R4(1)] ©)
where

100 00 0000 1 000 0 hp
o 0100 0} 00 0 0 . 0000 h
5 =10 0 1 0 ofB2=[0o 00 0 1|B=|0 0 0 0 ngl

00010 00 0 0 000 0 hr

000 01 00001 0 0 0 0 2h
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(o]

/o 0 0 0 p\ /,,1 Eyy, Epz Epy Eps\
0 00 0 D E, E, E; E, Es
D=0 0 0 0 D, |[EX%=|E, Ep, Es Eu E
O Ja [P “ql ~q2 T3 g4 _q5|
\o 000 D, ' B By B {55/
0 00 0 D E, E, E, Es Ey
which then leads to B -
Vatp hp '/lﬂp\ /E_Pl B Eps Eps £ \ fatv\|
Yn+1\ / \ I Dy | I By E; E3 E [ fa+1
| Yn+q | hq | )+h2 | Dq |(fn)+ Eqw Epp Epz Ega 5 | fatq |1
Tl — — — — — —
:})]/n+72” 1 g; \l_)r/ Ekl EEZ %’3 E2"4 E/ fn+r
nt | DZ Ez E4_ E6 E8 E fn+2
with
1 hp\ /lzp
2[31; p203l; , 520312 2031 1A 2130 =
2 2 2 2 — N
Bl(l) Rl(l) +BZ(1) R2(1) =|1 hq | )and D(l) 3w | lz |(f”
\1 hr/ D,
1 2h )

N

Expressing (9) in simultaneous equations gives

yn+p = Yn + hpy,n + hz [Epﬁl + Eplfn+p + Epin+1 + Ep3fn+q + Ep4fn+r + Epan+2] (10)
Yn+1 =Yn + hy’n + h? [Elfn + Elfn+p + Ezfn+1 + EBfn+q + E4fn+r + Ean+2] (11)
yn+q =Wn + hqy,n + hz[ qfn + qufn+p + Equn+1 + Eq3fn+q + Eq4fn+r + Equn+2] (12)
Yntr = In + hry'n + hz [D fn + Erlfn+p + Eern+1 + Er3fn+q + Er4fn+r + Er5fn+2] (13)
Yn+2 =Yn t+ Zhy,n + h? [Dan + Ean+p + E4fn+1 + E6fn+q + E8fn+r + ElOfn+2] (14)

Note: The elements of D352 and E(; 2 are shown in Appendix B.

Combining (8) with the first derivative of a discrete scheme atx,,;, (=
2, 1g,7,2yields the first derivative of the block in matrix form as below

!

V'n4p Y n -/DP\ For Eoz Bps Bps B\ fp |

Y 41 y,n D, /E,'l E, E; E, Es \ fn+1\

Vniq | = y,n +h|| D, | (f) + E'ql E'qz E'qg Eq4 E as | fatq |- (15)
Y nr Y Dr kérl Erz Er3 Er4 rS/ Jutr

V'n2 v [ \D, E, B, By By Ey/ Ve
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Similarly, Equation (15) can be written as simultaneous equations as follows

y,n+p = y,n + h[[) /‘;1 + Eplfn+p + Epin+1 + Eprn+q + Ep4fn+r + Epan+2] (16)
y’n+1 = y,n + h[len + Elfn+p + Ean-i—l + E3fn+q + E4fn+r + Ean+2] (17)
y’n+q = y,n + h[ fn + qufn+p + Equn-i—l + Efon+q + Eq4fn+r + Equn+2] (18)
y,n+r = y,n + h[ Tf;l + Erlfn+p + Eern+1 + Er3fn+q + Er4fn+r + Er5fn+2] (19)
V2 =y, +hDofy + Exfosp + Esfusr + Esfoig + Esfr + Erofns2] (20)

Note: The elements of D,,, ..., D, and E,;
The other three combinations will produce
similar equations as given in (10) — (14) and
(16) — (20) except the position of subscripts
change according to the position of the
collocation  points in  the related
combinations. For example, a new

Vn+p

=Yt hpy,n + h? [Epfn + Eplfn+p + Epin+1 +

, ..., E10 are shown in Appendix C.

generalized two-step hybrid block with three
off-step points based on Combination 2 can
be obtained by interchanging the position of
(11) with (12), and (17) with (18). As a
result, we get the main block

Ep3fn+q + Ep4fn+r + Epan+2] (21)

yn+q =Yn + hqy,n + hz [qun + qufn+p + EqurH—l + Eq3fn+q + Eq4fn+r + Equn+2] (22)

Yn+1
yn+r

=Yn + h.’y’n + hz [Elf;’l + El_fn+p + EZ]:n+1 + F3fﬁ+q + F4fnj—r + Ean-I—_Z] (23)
=Yn + hTy n + hz [Drfn + Erlfn+p + Er2fn+1 + Er3fn+q + Er4fn+r + Er5fn+2] (24)

Yn+2 = Wn + Zhy,n + hz [EZﬁl + Ean+p + E4fn+1 + F6fn+q + Fan+r + ElOfn+2] (25)

with its first derivatives

y,n+p = y,n + h[D ﬁ1 + Eplfn+p + Epin+1 + Ep3fn+q + Ep4fn+r + Epan+2] (26)
y,n+q = y,n + h[ qﬁl + qufn+p + Equn+1 + Eq3fn+q + Eq4fn+r + Equn+2] (27)
y’n+1 = y’n + h[len + Elfn+p + Ean+1 + E3fn+q + E4fn+r + Ean+2] (28)
y,n+r = y,n + h[ T'f;’l + Erlfn+p + Eern+1 + Er3fn+q + Er4fn+r + Er5fn+2] (29)
y’n+2 = y’n + h[Dan + Ean+p + E4fn+1 + E6fn+q + E8fn+r + ElOfn+2] (30)

2.3 Order of the Methods

The linear difference operator L associated with (9) is defined as

2[3]2 2[312 p2[3l2 _ p2[3l2
Lly(x); h] = (1) Ym(1) Bl(l) Rl(l) Bz(l) R

where y(x) is an arbitrary test function
continuously differentiable on [a, b]. Now,

expanding m(l)z and R 2components in

Published by: The Mattingley Publishing Co., Inc.

2(1)

23, ,2 RZ2BL |, F2031,
—h [D(l) 3Bk 4 B R4(1) ](31)

Taylors series and collecting their terms in
powers of h gives
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Lly(x);h] = Colly () + CE22hy () + G112 h2y" () + -

Definition 2.1 Hybrid block method (9) and
associated linear operator in (31) are said to
be of order d=[d;,dy ds dsds]” if

~2[312 _ R2[312 _ /28l _ . _ 2082 _
Cogy” = Cigy” = G2y = = Laagy =0
and C_(ffz]é) #0 with error vector
constantsCy.5’,

Expanding (31) in Taylor series
about x,, gives the order of method which
is [6,6,6,6,6]T. So, the new method is
consistent since its order is greater than 1.

Jfozees) fs
FEERIAt

S o O Rr o
SO R OO
O rRr OO Oo

SO O OO
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(32)

2.4 Zero Stability

The hybrid block method in (9) and
it derivative (15) is said to be zero-stable if
no root of the first characteristic polynomial

p(t) = |T15X5 1( 5 | is having a modulus

greater than one and every root of modulus
one is simple, where I,z is identity matrix

and §12([13;]z is the coefficients matrix of y,
function. Equating p(7) = 0, we have

[N

\| =t¢(r-1)=0
J

[N

cocoocoo
cocoocoo
=

[Un

which implies T = 0,0,0,0,1. Hence, our method is zero stable.

2.5 Consistency and Convergence

Theorem 2.2[1]: Consistency and zero
stability are sufficient conditions for a linear
multistep method to be convergent.

Since the new method in (9) is
consistent and zero stable, this implies that it
is also convergent.

Remark: Other new methods based on
Combination 2, 3 and 4 share the same
properties as the method derived using
Combination 1.

3. Implementation
Taylor Series are employed once to each

developed methods to produce predicted
initial values for y, ;i = 1,2,p,q,r where

Published by: The Mattingley Publishing Co., Inc.

0<p<qg<r<2. The computation is
done in a block. In the first block, the
obtained values are substituted in the
developed methods to get the corrected
values of y,,,i=12,p,q,r. For the
second block, the value at xn+2 is used as
the intial value and substituted in the
proposed methods to yield the approximate
solution. This process is repeated until we
reach the last point in the given interval.

4. Numerical Experiments

The following second order ODEs
problems are tested for 0 <x <10 as
capability of our methods in finding
numerical solution. However, we use the
same value ofxas employed in other
existing methods for the purpose of
comparison.
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The following notations are used in the tables:

G2S3PBHC1: Generalized two-step hybrid block method with three off-step points based on
Combination 1.

G2S3PBHC?2: Generalized two-step hybrid block method with three off-step points based on
Combination 2.

G2S3PBHC3: Generalized two-step hybrid block method with three off-step points based on
Combination 3.

G2S3PBHCA4: Generalized two-step hybrid block method with three off-step points based on
Combination 4.

AE: Absolute error.

OSPC1P1:  Off-step points used in G2S3PBHC1, p = — .= %,r = gfor Problem 1
OSPC2P1:  Off-step points used in G2S3PBHC2, p =, q = 3,7 = ifor Problem 1
OSPC3P1:  Off-step points used in G2S3PBHC3, p = -, q = 7, = for Problem 1
OSPCA4P1:  Off-step points used in G2S3PBHC4, p = +2,q = 2,7 =3 for Problem 1
OSPC1P2:  Off-step points used in G2S3PBHCL, p = iﬁ g=2r=3 for Problem 2
OSPC2P2:  Off-step points used in G2S3PBHC2, p = 10,q 19050 % for Problem 2

OSPC3P2:  Off-step points used in G2S3PBHC3, p = 10,q 19040 = E for Problem 2

OSPC4P2:  Off-step points used in G2S3PBHC4, p = 132(2) q= Sr=3 for Problem 2

Z
OSPC1P3:  Off-step points used in G2S3PBHCL1, p = ,q = Z r=- for Problem 3

OSPC2P3:  Off-step points used in G2S3PBHC2, p = ,q = % =— for Problem 3
OSPC3P3:  Off-step points used in G2S3PBHC3, p = 16,q = % == for Problem 3
OSPCA4P3:  Off-step points used in G2S3PBHC4, p = +-,q = 2,7 = for Problem 3
OSPC1P4:  Off-step points used in G2S3PBHCL, p = % q= %, =- for Problem 4

OSPC2P4:  Off-step points used in G2S3PBHC2, p = 1,9 =,7 =3 for Problem 4
OSPC3P4:  Off-step points used in G2S3PBHC3, p = —,q =7, = for Problem 4

3 F
OSPC4P4:  Off-step points used in G2S3PBHC4, p = %,q = g,r
d: Order of the method.

o for Problem 4

4.1 Tested Problems
Problem1: y" —y =0, y(0) =1,y (0)=1,0 <x < 1with h = %

Exact solution: y(x) = e”*.
Source: [21].

Published by: The Mattingley Publishing Co., Inc. 772
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Table 1: Comparison of errors obtained by new method with Sagir (2012) for Problem 1

New method
AE in AE in AE in AE in AE in Sagir
x | G2S3PBHC1 | G2S3PBHC2 | G2S3PBHC3 | G2S3PBHC4 (2012)
OSPC1P1 OSPC2P1 OSPC3P1 OSPC4P1 d=5
0.1 | 4.187761e-13 | 6.528111e-14 | 1.953993e-14 | 1.370237e-12 -
0.2 | 1.073142e-12 | 7.382983e-13 | 2.569944e-12 | 3.414158e-12 -
0.3 | 1.864287e-12 | 2.777778e-12 | 9.844792e-12 | 7.201795e-12 5.7600 e-10
0.4 | 2.956524e-12 | 5.586642e-12 | 2.040546e-11 | 1.186873e-11 1.6413 e-09
0.5 | 4.232170e-12 | 1.011125e-11 | 3.686140e-11 | 1.874234e-11 1.7001 e-09
0.6 | 5.895506e-12 | 1.564282e-11 | 5.757905e-11 | 2.678857e-11 2.3905 e-09
0.7 | 7.805756e-12 | 2.335865e-11 | 8.582424e-11 | 3.765344e-11 3.4705 e-09
0.8 | 1.021538e-11 | 3.241363e-11 | 1.196825e-10 | 5.009859%-11 4.4925 e-09
0.9 | 1.295675e-11 | 4.426992e-11 | 1.632294e-10 | 6.616085e-11 4.1569 e-09
1.0 | 1.634293e-11 | 5.792034e-11 | 2.142171e-10 | 8.435475e-11 4.4590 e-09

Problem2: " +(2)y" +(5)y =0, y(1) = 1,y' (1) = 1withh =

Exact solution: y(x) = >4

3x  «x2

1
320°

Source: [22]

Table 2: Comparison of errors obtained by new method withAnake (2011) for Problem 2

New method

AE in AE in AE in AE in AE in Anake

x G2S3PBHC1 | G2S3PBHC2 | G2S3PBHC3 | G2S3PBHC4 (2011)

OSPC1P2 OSPC2P2 OSPC3P2 OSPC4P2 d=5
1.0031 | 4.662937e-15 | 1.998401e-13 | 2.731149e-14 | 9.547918e-15 7.7009510e-10
1.0063 | 1.199041e-14 | 2.697842e-13 | 4.662937e-14 | 2.442491e-14 7.1779915e-08
1.0094 | 1.754152e-14 | 4.702905e-13 | 7.438494e-14 | 4.662937e-14 1.9176578e-07
1.0125 | 2.531308e-14 | 5.464518e-13 | 9.414691e-14 | 7.371881e-14 3.5708470e-07
1.0156 | 3.130829e-14 | 7.456258e-13 | 1.219025e-13 | 1.068035e-13 5.6571030e-07
1.0188 | 3.974598e-14 | 8.271162e-13 | 1.421085e-13 | 1.447731e-13 8.1569016e-07
1.0219 | 4.596323e-14 | 1.026734e-12 | 1.676437e-13 | 1.887379%e-13 1.1051428e-06
1.0250 | 5.506706e-14 | 1.112888e-12 | 1.860734e-13 | 2.362555e-13 1.4322554e-06
1.0281 | 6.239453e-14 | 1.311173e-12 | 2.120526e-13 | 2.888800e-13 1.7952815e-06
1.0313 | 7.172041e-14 | 1.401768e-12 | 2.311484e-13 | 3.450573e-13 2.1925381e-06

Problem3:  y" —x(y)2 =0, y(0) =1,y'(0) =3,0 < x < 1 withh = .

Exact solution: y(x) = 1+ 3 In |

24+x
2—x

Published by: The Mattingley Publishing Co., Inc.
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Source: [23]

Table 3: Comparison of errors obtained by new method Kuboye (2015) for Problem 3

New method

AE in AE in AE in AE in Kuboye (2015)

x | G2S3PBHC1 | G2S3PBHC2 | G2S3PBHC3 | G2S3PBHC4 d =7
OSPC1P3 OSPC2P3 OSPC3P3 OSPC4P3

0.1 | 2.718270e-12 | 4.107825e-13 | 9.636736e-14 | 1.007150e-11 9.577668e-10
0.2 | 6.826539%-12 | 4.367839%-12 | 1.508949e-11 | 2.531642e-11 2.368709e-09
0.3 | 2.077449e-11 | 1.471157e-11 | 5.678347e-11 | 8.14079%-11 3.732243e-09
0.4 | 4.170730e-11 | 4.617018e-11 | 1.707496e-10 | 1.595715e-10 5.475119e-09
0.5 1.352718e-10 | 1.467546e-10 | 3.611877e-10 | 3.100911e-10 1.142189e-08
0.6 | 2.540645e-10 | 3.146323e-10 | 7.713679e-10 | 5.286789e-10 4.567944e-08
0.7 | 7.043075e-10 | 7.956353e-10 | 1.305181e-09 | 8.810028e-10 2.055838e-06
0.8 | 1.258443e-09 | 1.517135e-09 | 2.541271e-09 | 1.452342e-09 4.248299¢e-06
0.9 | 3.301310e-09 | 3.596813e-09 | 3.813871e-09 | 2.336876e-09 6.660458e-06
1.0 | 5.853812e-09 | 6.711578e-09 | 7.692168e-09 | 4.038478e-09 9.445166e-06
Problem4: y" —y =0, y(0)=1,y(0) = —1,0 < x < 1 withh = —

Exact solution: y(x) = 1 — e*.

10°

Source: [24]

Table 4: Comparison of errors obtained by new method Mohammad (2010) for Problem 4

New method
AE in AE in AE in AE in Mohammaed

x | G2S3PBHC1 | G2S3PBHC2 | G2S3PBHC3 | G2S3PBHC4 (2010)

OSPC1P4 OSPC2P4 OSPC3P4 OSPC4P4 d =7
0.1 | 4.309053e-13 | 6.596113e-14 | 1.984524e-14 | 4.382217e-12 | 5.7260e-06
0.2 | 1.186523e-12 | 7.233936e-13 | 2.552181e-12 | 1.151526e-11 | 6.6391e-06
0.3 | 8.678003e-12 | 4.003908e-12 | 2.927214e-12 | 1.607892e-11 | 7.0283e-06
0.4 | 1.729872e-11 | 8.514522e-12 | 6.509904e-12 | 2.391931e-11 | 7.4539e-06
0.5 | 3.495615e-11 | 2.016076e-11 | 7.455703e-12 | 2.852985e-11 | 7.8935e-06
0.6 | 5.488765e-11 | 3.216027e-11 | 1.237055e-11 | 3.704104e-11 | 8.1942e-06
0.7 | 8.684542¢e-11 | 5.355760e-11 | 1.412137e-11 | 4.149525e-11 | 8.1810e-06
0.8 | 1.226736e-10 | 7.614065e-11 | 2.078204e-11 | 5.059020e-11 | 8.1810e-06
0.9 | 1.743983e-10 | 1.110356e-10 | 2.364797e-11 | 5.459322e-11 | 8.1730e-06
1.0 | 2.321852e-10 | 1.483007e-10 | 3.258749¢e-11 | 6.411316e-11 | 8.1650e-06

5. Discussion and Conclusion

New two-step hybrid block methods
with generalized three off-step points based

on four combinations of two-step interval to
directly solve the second order ordinary
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differential equations have been successfully
developed. Besides being capable of
approximating numerical at two step point
simultaneously, the proposed methods are
more  flexible since they consider
generalized off-step points in the derivation.
In terms of accuracy, the new methods have
performed better than the existing hybrid
block methods when solving the same
problems.
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Appendix A

14p* (2+3r+q(3+r))+35p (2r +q(2 + 3r)) — 56pr + 7pq(—8 + 357))

D25 = ~ Gagpr (4p° + 280p2qr — 7p°(3+ q + 1) + 14p* 2+ 3r + q(3 + 1) + ¢° (-

4¢3 + 70r +7q* (3 +r) —14q(2+3r)) —35p3(2r +q (2+ 3r)) + 7pq? (q° -
40r — 2q*(3+ 1) + 5q(2 + 3r)))

D35 = ~ 8409 (4p° +280p%qr — 7p°(3 + q + 1) + 14p* (2 +3r+q(3+71)) +

7q(10 —6r +712) —35p3(2r +q(2 +3r)) +7r3 (r(—28 + 21r —4r?)) +r(10 —
6r + 1r2) + 7pr?(q(15r — 2r? — 40)))
1

Dys = 120p07 (32 — 4p°® — 56qr — 280p%qr + 7p°(3+q + 1) — 14p*(2 +3r + q(3 +
) + 35p3(2r + q(2 + 37)) + 56p(—r + q(—1 + 57)))

Dss = 845; (4p* +280qr — 7p3(3 + q + 1) + 14p*(2 + 3r + (3 + 1)) — 70pr —
35pq(2 + 3r))
Ei1 =— (10 + 10p° — 21r — 2p*(16 + 7q + 7r) + 7q(8r

420(=2+p)p(p—)(@—71)
-3)+

p3(10 + 497 + 7q(7 + 3r)) — p?(21r — 10 + 21q(1 + 47)) + p(10 — 21r + 56qr —

21q))

Ejp =

1
420(-1+q)(—1+71r)

(18 +4p° —28r + 7q (7r — 4) —p*(10 + 7q + 7r) + p(21r

10 — 7q(—=3 + 8r)) + p3(21r — 10 + 7q(3 + 2r)) + p?(21r — 10 — 7q(8r — 3)))
o (—10 — 4p® + 21r + 70p3r + 7p>(3 + r) — 14p*(2 + 3r) — 7p(=3 + 8r))
r 420(p — )9(2 —3q +q*)(q — 1)
(10 + 4p® — 21q — 70p3q — 7p°(3 + q) + 14p*(2 + 3q) + 7p(—3 + 87))
420r(—p+r)(—q+1r)(2 —3r +1?)

(4 — 4p® — 7r + 35p3qr + 7p° + 7p°q + Tp°r

14 =

Eis = 840(—2+p)(—2+ Q) (-2 +1)

+ 7q(2r —
1) —14p*(q+71+qr)—7p(1 — 2r + q(—2 + 57)))
q

(—10p° + 2p*(2q + 7(3 +71)) +p3 (4q*> =79 (3

E, . =
T 420p2-3p+p) (p—1)

+7r)—
21 (2 + 3r)) +pq (4q® —70r —7q* (3 +71) +14q (2 +3r)) +q%(4¢® — 70r —
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7q*(3+ 1) + 14q(2 + 3r)) + p2(4q® + 70r — 7¢*(3 + 1) + 14q(2 + 371)))
q

Ey = (4p® —70p3qr —7p>(2 +q +71) + 7pqg*(¢*

420(-1+p)(-1+q)(-1+1)
+ 10r —
2q(2 + 1)) + 14p* (Zr +q(2+71) +q*(—4q9* - 28r + 7q(2 + 1)))

E,; = (- 4p +p( 4q +7(3 +r))+p( 4q +7q(3 + 1)

420(2—3q+q2)(q— T)

14(2 +37)) + p?(—4¢® + 70r + 7q (3 +7) —14q(2 + 3r)) + pq(—4q® + 70r +
7q*°(3+71) — 1492 + 3r)) + q?(10q% — 70r — 14q%(3 + r) + 21q(2 + 31)))

Eyy = (4p® —70p3q — 7p°(3 + q) + 14p*(2

4207 (—p + 1) (—q+r) (2 —3r+1?2)
+ 3q) +
q*(21q — 28 — 4¢?) 2719613(10 — 69 +q%))

Eys = (—4p® +35p3qr + 7p°(1 + q + 1) — 14p*(q + 7

840(=2+p)(—2+q)(—2+1)
+qr) +
q (4q + 14r — 7q(1 +71))— 7pq (q + 5r —2q(1+1)))

(—10p° + 2p* (21 +7q +2r) — p? (42 + 21r — 4r?

E
T a20p 2-3p+pD) (P -0
+
7q(9 + 1)) + p?(r(28 — 21r + 41r2)) — 7q(r? — 10 — 61) + pr(r(28 — 21r + 41?%) —
7q(10 — 61 + %)) + r2(=7q(10 — 67 + %) + (28 — 21r + 41?)))
T

Esp = (4p° — 70p3qr — 7p° (2 + q + 1) + r*(7q(r — 4)

420(-1+p)(—1+q)(-1+1)
+2(7 -
2r)r) + 7pr3(=2q(-5 + )+ (=4 +7r)r) + 14p*2r + q(2 + 1))

(70p3r — 4p°® + 7p°(3 + 1) — 14p*(2 + 31)

E
¥ 42000 - )92 -3¢+ ¢) (@ 1)
+ r*(28 —
217 + 4r?) — 7pr3(10 — 6r + 12))
1

(4p° + p* (=21 —7q +4r) +p® (28 — 7q(—6 + 1) — 21r

Eap =

* T 420(q —1r)(2-3r +712)
+

4r%) + p?(=7q (10 — 6r +12) +7 (28 — 21r + 41%)) + pr(—=7q(10 — 61 + 1%) +
r(28 — 21r + 4r%)) + r2(7q(10 9r + 2r?) — 2r(21 — 21r + 51?%)))

E;s = (- 4p +35p qr+7p (1+q+r)—14p (g+r

840(—2+ ) (-2 + ) (—2 + 1)
+qr) —
7pr3(q(5—2r) + (=2 + )1r) + r*(=7q(=2 + 1) + r(=7 + 41)))
1

Ey = (16 — 10p° — 28qr + 2p*(11+ 7q + 7r) + p(8

210(=1+pp(p —)(® — 1)
— 14qr) +
p2(4 +63qr) —p3(=2 + 357 + 7q(5 + 3r)))
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1
By = 4p® — 32 (8 + 7q (=1 + 1) — 7r) — 70p3
2= 2T 1+p) (1 (1) P (8+7q (=1+7)—7r)—70p°qr
— 7p5 (2 +
q+71)+14p*(2r + q(2 + 1)) + 56p(4 — 4r + q(—4 + 57)))
Eiz = : 8~ pb — L4pr + 2 pir 4 L pS(3 4+ 1) — e pt(2
B0 - @ -3q+Da—n 0 P TP T GEn -y
+ 3r))
T s [ [ R R i G R
+ 361)1)

Eys = - —96 + 4p° + p*(1 — 7q — 7r) — 28q(r — 2) + 56 8
5= oz ez Tt W P (=79 = 7r) —284(r = 2) + 567+ p(
14qr) + p?(4 — 7qr) + 2p°(1 + 7qr))

p ) ; ,
Es; =— 10p* + 140qr — 14p3(3 + q + 1) + 21p2(2
T TR0 s G p p T G R ar )+ 2ipi
+3r+
q(3 + 1)) —35p(2r + q(2 + 3r)))
3
p
Es2 = 4p® — 70qr — 7p?(2 14p(2r +q(2
+7)))
Feq = _P3(4p3—70r—7p2(3+r)+14p(2+3r)) _ p3(4p3-70q—7p%(3+q)+14p(2+3q))
53 420h(p—q)q(2-3q+q))(q-r) ~ °* 420 hr (—p+7)(—q+1) (237 +72)
E., — P2Up°=70q-7p? (3+q)+14p(2+39)) _ _ p3(p®-35qr—7p2(1+q+r)+14p(g-+r+ar))
54 420hr (—p+1)(—q+1)(2=3r+72) ' 95 840 (—2+p)(—2+q)(—2+7)
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Appendix B
D = p2(4p*+280qr—7p3 (3+q+r)+14p2(24+3r+q(3+1))=35p (2r+q(2+3r)))
p 840qr
D — (=10 +21r —7q(=3+8r) + 7p(3 — 8r + q(—8 + 351)))
B ! 840pqr
Dq
q?(—=7p(q® — 40r — 2q*(3 +r) + 5q(2 + 31)) + q(4q® — 70r — 7q*(3 + 1) + 14q(2 + 3r)))
- 840pr
D — r2(7p(—r(10—67+1r2)+q (40—15r+2r2))+r(=7q (10—67r+12)+r (28—21r+412)))
e 840pq
5. - 2(4—=7qr + 7p(—r + q(—1 + 571)))
2 105pqgr
E =p2(10p4+140qr—14p3(3+q+r)+21p2(2+3r+q(3+r))—35p(2r+q(2+3r)))
pl 420 (2—3p+p2)(p—9)(p—r)
Fo _p*(4p° —70qr = 7p*(2 + q + 1) + 14p(2r + q(2 + 1))
pz 420(=1+p)(-1+q)(-1+71)
.= p*(4p3-70r—7p2(3+r)+14p(2+31)) = _ p*(4p3-70q—-7p?(3+q)+14p(2+3q))
p3 420(p—q)q(2—3q+q2)(q-1) ' Zp4 4201 (—p+r)(—q+7r)(2—37r+12)
E _ p4(4p3—35qr —7p2(1+q+r)+14p(q+r+qr)) = (10-21r+7q(—348r))
P> 840 (—2+p)(—2+q)(~2+7) 1T 4200 2-3p ) 0-) (- 7)
EZ _ (—18+428r—-7q(—4+7r)+7p(4—7r+q(=7+15r))) —3 _ (=10+21r—7p(—3+8r))
420 (=1+p)(~1+q)(=1+r) ’ 420(p—q)q(2—-3q+q%)(q-1)

_ (10 - 21q + 7p(—3 + 8q)) _

YT R0r(—p+ ) (—q+r)(2-3r + r2)’E5
B 4-7r+7q(-1+2r)—7p(1 = 2r + q(—2 + 571)))
B 840(=2+p) (=2 +q)(=2 +71)
_ q*(-4¢° +70r + 7¢*(3 + 1) — 14q(2 + 31)) _
h 20p2-3p+p)-p-r
_ q*(Tp(q® + 10r — 2q(2 + 1)) + q(—4q° — 287 + 7q(2 + 1))
B 420(=1+p)(-1+q)(=1+71)
_ q%(q(=10q3 + 707 + 1492 (3 +r) — 21q(2 +37))+7p(2q3—20r—3q % (3+1)+5q (2+37)))

2o

93 420 (p—q) (2-3q+q?) (q—1)
o _ q*(q(—28+421q—-4q®)+7p(10—6q+q%) = _ q*(q(4q*+14r—7q(14r)=7p(q?+5r—2q(14r)))
a4 T 4201 (—ptr)(—q+r)(2—-3r4r2) ' T95 T 840 (—2+p)(—2+q)(=2+7)
4
_ T

(r(—28 + 21r — 4r?) + 7q(10 — 61 + 1?%))

b = Rz =30+ D - - 1)
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o rt(r(7q(r —4) + 2(7 = 2r)r) = 7p(2q(r — 5) — (r — 4)r))
e 420(p — (g - D —1)
4

T
= —7p(10 — 61 + 1r?) + (28 — 21r + 4r?
"3 420(p—q)q(2—3q+q2)(q—r)( p( )+r( )

_ 7pr2(9r2-10r—2r3+20q—15qr +3qr?)+r(2r (21-21r+5r2)-7q(10—9r +2r2))

i
I

Ey4 420(p-1r)(q—r)(2-3r+r?)
4
_ r
E.c= -7 5-2nN+ @ =-2)r)+r(r(dr —7) —7q(r
_24))) 4(—4(8+7q (-1 7r)+7p (4—4 445
—2 — (—4 + 7qr),E4 _ (—4(8+7q(=1+71)—=7r)+7p (4—4r+q(—4+571)))
105p(2—3p+p2)(p—4q)(p—r) 105(=1+p)(—1+q)(—1+7)
E¢ = (4 —7pr), Eg
105(p —q)q(2 —3q + qz)(q4— )
= —44+7
1057 (—p + 1) (=g + )2 —3r + 19 Pq)
_ 2
Eig=— 24+ 7qg(—2+r)—14r+7p(—2+qg+r
10 105(_2+p)(_2Jrq)(_HT)( q( ) p( q+71))
Appendix C

l,) _ p(2p4+60qr—3p3(3+q+r)+5p2(2+3r+q(3+r))—10p(2r+q(2+3r)))

P 120 ’
l,) _ (—4+q(7—15r)+7r+p(7—15r+5q(jg+10r)))

1= 120pqr '
p. = 1@@(20-3C5+q)@)+5(12+(6+q)q)r)+q(Z2+)q (Z5+2@)+(Z20-3(=5+9)q)r))

q 120pr !
l,) __7(60pq —10(2q+p(2+3q))r+5(2+3q+p(3+q))r2—3(3+p+q)r3+2r4)

L 120pq !
l,) — (=2(=24q+r)+p(—2+5qr))

2 15pqr !

& p(10p*+60qr—12p3(3+q+7r)+15p2(243r+q(3+1))—20p (2r+q (2+37)))

pl 60(2-3p+p2)(p—q)(p—) ’

Z, _ p3(20qr —2p3+3p2(2+q+r)—5p(2r+q(2+r)))

p2 60(p—1)(q—1)(r—1) ’

«_ p3@p3-20r—3p2(B+r)+5p(2+3r)) £ _ p3(—2p3+20q+3p%(3+q)—5p(2+3q))

P37 60(p-q)q(-3q+qD)(q-r)  P* T 60r(—p+r)(—q+r)(2-3r+r?)
£ = P2 o10qr=3p (a4 +5p(a4r+ar)) g (4=79-7r+15qr)

p> 120 (=24p)(=2+q)(—=2+7) "1 60p2-3p+p)(-q) (-1’
E _ (—14+18qg+18r—25qr+p(18—25r+5q(—5+87r))) £ _ (=4+p(7—-15r)+7r)

2 60(—1+p)(=1+q)(~1+7) 73 T 60(p-q)q(2-39+42) (g1’
E. — (4-7p—-7q+15pq) - (2-3r+q(=3+57r)+p(—=3+q(5—107)+57))

47 60r (—p+r)(—q+r)(2—-3r+r2)’ > 120 (=2+p)(=2+q)(=2+7) :

_ q3(20r—2q3+3q2(3+r)—5q(2+3r)) z _ q3(p(3q2+20r—5q(2+r))+q(q(6—2q+3r)—10r))
ql 60p2=3p+pH)p—)(p-1) ' 42 60(=1+p) (~1+q)(—1+7) ’
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E, _ q(p(q(40+3q(—15+4q))—15(—2+q)2r)+q(40r+q(—15(2+3r)+2q(—5q+6(3+r)))))
a3 60(p—q) (=2+q) (=1+q)(q—1) ’
r _ Q9245+ 0+3@=5)9) p _ > @(=30)q+5@-2)r)+q(2¢°+5r=3q(1+)))
a4 60(=2+47) (—=141)r (—p+r)(—q+r) 'O 120 (—2+4p) (—2+q)(—2+71) '
n_ r3(Q-r)r(=5+2r)+q(20+3(-54+1)r)) 5 _ r3(20pq—5(2q+p2+q))r+3Q2+p+q)r2-2r3)
rl 60(—2+p)(-1+pp(p—)(p-1) ' TZ 60(~1+p)(~1+q)(~1+7) ’
& r3((=247)r (=5+2r)+p (—20—3(=5+7)r))
r3 60(p—q)(—2+q)(-1+Q)q(q-1)
£ = r(60pq —20(2q+p (2+39))r+152+3q+p B+q))r:—12(3+p+q)r3+10r?)
T 60 (p—r)(g—r)(=2+7)(—1+7) !
_ r3(—10pq+5(p+q+pq)r—3(1+p+q)r2+2r3) A 4(=2+q+r)
TS 120 (=2+p)(—2+q) (—2+7) "7 T 15p2-3p+p - (1)’
E. _ 4(-8+q(6-5r)+p(6+5q(—1+r)=57r)+61) £ _ 4(=24p+r)
4 15(=1+p) (=1+q) (- 1+7) 16 15(p—q)q(2-3q+¢2)(q—1)’
Ao 4(—24p+q) ‘ _ (p(18+5q(—2+41r)—107r)+2(—-16+q(9—57)+9r))
8 T 15r(—p+r)(—q+r)(2—3r+r2)’ 10 T 15(=24p)(=2+q) (—2+7) '
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